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Abstract

This paper examines the relationship between information geometry and gravity from the
viewpoint of classification: which geometric structures on state spaces are established mathematics,
and which proposed correspondences remain conjectural. Six results are established in finite
dimensions. The Fisher family is unique up to a positive constant among metric families on
the probability simplices that are monotone under stochastic maps, and monotonicity is proved
directly. On quantum state spaces uniqueness fails: monotone metrics form the Petz family
of operator monotone functions, and the symmetric logarithmic derivative and Wigner-Yanase
metrics are not proportional on qubit states. Every metric of the family restricts to the Fisher
metric on commuting states, so uniqueness holds exactly on the commutative locus. The
symmetric logarithmic derivative metric makes the open qubit state space an open hemisphere
of the round three-sphere of radius one. Thermodynamic Ruppeiner geometry of the ideal gas
is flat, and a van der Waals model has nonzero scalar curvature away from the critical region.
Entanglement-wedge reconstruction and the holographic entropy cone for at most five regions are
theorems; the entropy formula and the emergence of spacetime from entanglement are proposals,
and the correspondence between gravity and information geometry is proposed, not proved.

1 Introduction
Two research programs meet at the phrase “gravity from information.” One asks how statistical
structure on spaces of states acquires Riemannian geometry. The other asks how spacetime geometry,
and eventually gravitational dynamics, could be reconstructed from quantum information. The first
program contains complete theorems. The second contains proposals, one reconstruction theorem
of quantum information theory, and a central question that is open. This paper develops the first
program in finite dimensions, records exactly what the second program has and has not established,
and identifies the point where the two touch: the choice of metric on a space of quantum states.

The information-geometric side is sharp. Chentsov’s theorem [4, 22] says that on the probability
simplex there is, up to a positive constant, exactly one Riemannian metric that decreases under
stochastic maps, the Fisher metric. Petz and Sudár [22] extended the question to density matrices
and found the opposite of uniqueness: the monotone metrics on finite-dimensional state spaces are
classified by operator monotone functions, an infinite family. This uniqueness-then-failure pattern is
the spine of the paper. It is also a constraint on classification: a proposed dictionary that assigns
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geometry to quantum states has to name which member of the Petz family it uses, and the classical
uniqueness that motivates such a dictionary does not transfer.

The holographic side is graded. Within quantum information theory, the entanglement-wedge
reconstruction theorem of Dong, Harlow, and Wall [5] is proved, and the holographic entropy cone
is complete for at most five boundary regions [1, 11]. The Ryu-Takayanagi formula [24] is argued
from AdS/CFT and derived for spherical vacuum regions in any dimension [3]; the static formula
follows from replica methods [18], and the covariant formula with extremal surfaces was proposed
in [12] and derived in [6]. For general regions and states it remains a proposal. Van Raamsdonk’s
suggestion that entanglement builds spacetime [27] is an argument from limiting cases.

The thermodynamic side supplies the oldest working dictionary between information metrics
and physical curvature. The Ruppeiner metric, the negative Hessian of entropy, is flat for the ideal
gas and develops curvature in interacting models [23]. A separate thermodynamic route derives
the Einstein equation of state from local horizon thermodynamics [14]; it does not use Ruppeiner
curvature, and the relation between the two thermodynamic constructions is itself a proposed
correspondence.

The paper proves six results. Fisher monotonicity is proved directly, and the classical uniqueness
of Chentsov is recorded with its exact scope. The Petz family is recorded, and non-uniqueness is
exhibited by explicit computation: on the qubit state space the symmetric logarithmic derivative
metric and the Wigner-Yanase metric have different radial-to-transverse ratios. Uniqueness is
then localized: every metric of the family restricts to the Fisher metric on commuting states, by
a computation on diagonal tangent vectors together with Chentsov’s theorem. The symmetric
logarithmic derivative metric on the open qubit state space is computed in Bloch coordinates and
identified with an open hemisphere of the round three-sphere of radius one. Finally the Ruppeiner
metric of the ideal gas is proved flat by an explicit coordinate change, and the van der Waals scalar
curvature is computed away from the critical point.

This paper treats information geometry as an invariant discipline for spaces of statistical and
quantum states and tests whether it can support a geometric correspondence with gravity. On
the commutative locus the invariant metric is unique. Off it, the metric is parametric, and any
correspondence of the form “state space geometry equals physical geometry” inherits that parameter.
Reconstruction results (Gelfand, Stone, Naimark) and entanglement-wedge reconstruction recover
structure from probes; they do not by themselves produce gravitational dynamics. Whether the
proposed structures recover an interacting physical theory without assuming at the outset the
spacetime geometry they aim to explain remains open.

The phrase “geometric correspondence” hides three different dictionaries, and the paper keeps
them apart. The state-space dictionary assigns Riemannian geometry to spaces of statistical or
quantum states, and is a theorem. The thermodynamic dictionary assigns curvature to equilibrium
manifolds and reads it as an interaction diagnostic, and is a working practice with computed
examples. The spacetime dictionary assigns bulk geometry to boundary entanglement, and is a
proposal with derived special cases. Only the first is established without qualification, and only the
first is used as a premise below.

2 Definitions
Definition 2.1 (Statistical model). A statistical model is a finite set Ω = {1, . . . , n} and an open
subset M of the interior of the probability simplex ∆n−1. A point p ∈ M is a strictly positive
probability vector, and the tangent space at p is identified with the subspace of Rn of vectors u
with

∑
i ui = 0.
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Definition 2.2 (Fisher metric). The Fisher metric of a statistical model M assigns to each p ∈ M
the bilinear form

gp(u, v) =
n∑

i=1

uivi

pi
. (1)

It is a Riemannian metric on M , positive definite on tangent vectors.

Definition 2.3 (Stochastic map and monotone metric). A stochastic map is an m × n matrix φ
with φji ≥ 0 and

∑
j φji = 1 for every i, acting on distributions by p 7→ φp where (φp)j =

∑
i φjipi.

A monotone metric is a family {g(n)}n≥2 of smooth Riemannian metrics, one on each open simplex
∆◦

n−1, such that for every stochastic map φ and every tangent vector u at p ∈ ∆◦
n−1 with φp ∈ ∆◦

m−1,

g(m)
φp (Dφ · u, Dφ · u) ≤ g(n)

p (u, u). (2)

Monotonicity says that processing cannot increase statistical distinguishability. The Fisher family
of theorem 2.2, one Fisher metric per simplex, is monotone by theorem 3.2. The cross-dimensional
quantifier is essential: on a fixed simplex alone, uniqueness of the monotone metric fails already at
n = 2, where the flat metric gp(u, u) = u2

1 + u2
2 on ∆◦

1 also satisfies the inequality, and stochastic
maps between simplices of different sizes are what eliminate it.

Definition 2.4 (Quantum state space). For d ≥ 2 let Dd be the set of density operators on Cd,
that is, the positive semidefinite Hermitian matrices of trace one. The interior D◦

d consists of the
full-rank states; it is a smooth manifold of dimension d2 − 1. A tangent vector at ρ is a traceless
Hermitian matrix X. A completely positive trace-preserving map (channel) Φ : Dd → Dm acts on
states in the usual way and is the quantum image of a stochastic map.

Definition 2.5 (Monotone metric on quantum states). A monotone metric is a family {g(d)} of
Riemannian metrics, one on each D◦

d, such that for every channel Φ : Dd → Dm, every full-rank
state ρ ∈ D◦

d with Φ(ρ) ∈ D◦
m, and every tangent vector X at ρ,

g
(m)
Φ(ρ)(DΦ · X, DΦ · X) ≤ g(d)

ρ (X, X). (3)

Invariance under unitary conjugation is not an extra hypothesis: ρ 7→ UρU † is a channel with
channel inverse ρ 7→ U †ρU , so monotonicity in both directions forces invariance. The same argument
applies to permutations of coordinates in theorem 2.3.

Definition 2.6 (Symmetric logarithmic derivative). Let ρ ∈ D◦
d and let X be a tangent vector at ρ.

The symmetric logarithmic derivative of X at ρ is the unique Hermitian matrix L with

X = ρL + Lρ

2 . (4)

The symmetric logarithmic derivative metric is gsld
ρ (X, X) = Tr(XL).

Definition 2.7 (Operator monotone function and the Petz family). A function f : (0, ∞) → (0, ∞)
is normalized operator monotone when it is operator monotone (the Loewner order is preserved on
positive matrices), and satisfies f(1) = 1 and f(t) = tf(1/t) for all t > 0. For such an f , the Petz
metric [20] gf on D◦

d is given in an orthonormal eigenbasis ρ =
∑

i λi|i⟩⟨i| by

gf
ρ (X, X) =

∑
i,j

|Xij |2

λif(λj/λi)
, (5)

where Xij = ⟨i|X|j⟩. The condition f(1) = 1 fixes the scale: it is equivalent to the metric restricting
to the classical Fisher value on diagonal tangent vectors. Without that condition the formula is
homogeneous of degree −1 in f and classifies metrics only up to a positive constant.
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Definition 2.8 (Fidelity metric). The Uhlmann fidelity [26] of two states is

F (ρ, σ) =
(
Tr
√√

ρ σ
√

ρ
)2

. (6)

The fidelity distance dB is defined by dB(ρ, σ)2 = 2
(
1 −

√
F (ρ, σ)

)
. Where the induced Riemannian

metric exists we call it the fidelity metric gfid. In this normalization gfid equals one quarter of the
symmetric logarithmic derivative metric in every dimension. The identity follows by expanding
d2

B(ρ, ρ + dρ) = 2(1 − Tr
√√

ρ(ρ + dρ)√ρ) to second order and solving the Lyapunov equation
(ρ + dρ)L + L(ρ + dρ) = 2 dρ for the symmetric logarithmic derivative of dρ: the expansion yields
1
4 Tr(ρL2) at any full-rank state [13, 2]. Theorem 5.2 verifies the identity by direct computation on
qubit states, and the code of section 11 checks it numerically in dimensions two to four. The fidelity
metric is therefore not a member of the normalized Petz family but a positive multiple of one.

Definition 2.9 (Ruppeiner metric). Let S(U, V, N) be the entropy of a thermodynamic system
with internal energy U , volume V , and particle number N . Physical entropy is homogeneous of
degree one in its extensive variables, so the full Hessian in (U, V, N) is singular along the extensive
direction by the Gibbs-Duhem relation, and strict concavity in all extensive variables cannot hold.
The Ruppeiner metric is defined on a two-dimensional slice: fix N (as this paper does) or pass to
specific variables, and set

grup
ij = − ∂2S

∂Xi∂Xj
(7)

in the remaining extensive coordinates Xi. Its scalar curvature R is computed with the standard
Ricci convention, in which the round two-sphere has R = +2; the convention of Ruppeiner [23]
carries the opposite sign. The construction is that of Ruppeiner [23]; the metric of Weinhold [28] is
the Hessian of internal energy and differs by a conformal factor in the standard thermodynamic
setting.

Definition 2.10 (Entanglement wedge). Fix a boundary spatial region A of a conformal field theory
state dual to a bulk asymptotically anti-de Sitter spacetime, and a Cauchy slice Σ. The surface
A ∪ γA bounds a spatial homology region ΣA ⊂ Σ, where γA is the extremal surface homologous to
A (minimal in static slices) [12]. The entanglement wedge W (A) is the domain of dependence of
ΣA. Entanglement-wedge reconstruction is the statement that bulk operators localized in W (A)
can be represented by operators of the boundary subregion A.

Definition 2.11 (Geometric correspondence). A geometric correspondence assigns to data D of
a physical or statistical system a Riemannian geometry G(D), and optionally a relation between
the curvature of G(D) and physical quantities of the system. The correspondence is a proposed
dictionary until both assignments are theorems; each assignment must state its domain, its codomain,
and the structure it preserves.

Remark 2.12 (Object schema). A physical system is often recorded as a tuple P = (X, O, D, S, C) of
state space, observables, dynamics, symmetry data, and composition rules. The statistical models
and state spaces of this paper instantiate X and, in the quantum setting, O; the constructions of
section 7 concern recovery of (X, O) from probe data. The tuple is a convenient schema, not a
theorem, and no result below depends on its completeness.

The information-geometric assignment D 7→ G(D) is a theorem in the settings of sections 3 to 6:
statistical data carries a canonical or a chosen metric. The reverse assignment, curvature to physics,
is a proposal in every setting examined here, and section 10 studies the pair.
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3 Classical information geometry
The Fisher metric of theorem 2.2 is the unique metric that is monotone in the sense of theorem 2.3.
Monotonicity is elementary to prove; uniqueness is Chentsov’s theorem and is recorded with its
scope.
Lemma 3.1 (Fisher metric and relative entropy). Let p be an interior point of the simplex and
let u be a tangent vector at p with

∑
i ui = 0. For the Kullback-Leibler divergence D(p + u ∥ p) =∑

i(pi + ui) log pi+ui
pi

one has

D(p + u ∥ p) = 1
2gp(u, u) + O(∥u∥3). (8)

The Fisher metric is the second-order term of the relative entropy at the diagonal.
Proof. Expand log(1 + ui/pi) = ui/pi − u2

i /(2p2
i ) + O(∥u∥3) in D =

∑
i(pi + ui) log(1 + ui/pi). The

first-order terms cancel because
∑

i ui = 0, and the second-order terms give
∑

i(u2
i /pi − u2

i /(2pi)) =
1
2
∑

i u2
i /pi = 1

2gp(u, u).

Theorem 3.1 explains the role of the Fisher metric as a ruler of distinguishability: it is the
quadratic term of the divergence that measures how far a perturbed distribution is from the
reference. The same quadratic form appears in the statistical estimation problem as the inverse
asymptotic variance of efficient estimators. The quantum analogue of the lemma produces one specific
member of the Petz family, not the whole family: expanding the Umegaki quantum relative entropy
D(ρ+X ∥ ρ) to second order gives the metric of the member fbkm(t) = (t−1)/ log t (with fbkm(1) = 1
by continuity), the Bogoliubov-Kubo-Mori metric, while the quantum Cramér-Rao bound of quantum
estimation singles out the symmetric logarithmic derivative member f(t) = (1 + t)/2 [2, 20].
Proposition 3.2 (Monotonicity of the Fisher metric). The Fisher metric is monotone under
stochastic maps.
Proof. Let φ be stochastic and let u be tangent at p, so

∑
i ui = 0. The derivative of p 7→ φp is

u 7→ φu, and
∑

j(φu)j =
∑

i ui
∑

j φji = 0, so Dφ · u = φu is tangent at φp. Write q = φp, so
qj =

∑
i φjipi. Fix j with qj > 0 (if qj = 0 then φji = 0 for all i and the term below is zero on both

sides). By the Cauchy-Schwarz inequality applied with weights φji,

(φu)2
j =

(∑
i

φji
ui√
pi

√
pi

)2
≤
(∑

i

φji
u2

i

pi

)(∑
i

φjipi

)
. (9)

Dividing by qj =
∑

i φjipi and summing over j with qj > 0 gives∑
j

(φu)2
j

qj
≤
∑

j

∑
i

φji
u2

i

pi
=
∑

i

u2
i

pi

∑
j

φji =
∑

i

u2
i

pi
, (10)

which is gφp(φu, φu) ≤ gp(u, u).

Remark 3.3 (Worked monotonicity). Take three outcomes, p = (0.5, 0.3, 0.2), and the stochastic
map φ = ( 0.7 0.1 0.2

0.3 0.9 0.8 ), which sends three outcomes to two and has unit column sums. Then
q = φp = (0.42, 0.58), and for the tangent vector u = (0.1, −0.05, −0.05) one computes

gp(u, u) = 0.01
0.5 + 0.0025

0.3 + 0.0025
0.2 = 49

1200 ≈ 0.040833, (11)

while φu = (0.055, −0.055) and gq(φu, φu) = 0.0552(1/0.42 + 1/0.58) = 121/9744 ≈ 0.012418. The
map costs distinguishability, and the deficit is the slack in the Cauchy-Schwarz step of theorem 3.2.
The computational check in section 11 repeats this comparison for two thousand random trials.
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Theorem 3.4 (Chentsov). On the probability simplices, the Fisher family is the unique family of
Riemannian metrics, up to a single positive constant shared across dimensions, that is monotone
under stochastic maps.

Chentsov proved this theorem in the formulation: smooth metric families invariant under
congruent embeddings (Markov morphisms) are unique up to constant; Petz and Sudár [22] state
the equivalent contraction form used here, monotone under general stochastic maps. The two
formulations are connected as follows: a congruent embedding and its stochastic inverse force
invariance under invertible stochastic maps (permutations included), and the contraction inequality
for general stochastic maps is the monotonicity of theorem 2.3. Smoothness of the metric tensor is
assumed throughout, as in Chentsov’s statement. Two scope points are essential. The constant is
undetermined and shared: monotonicity pins the metric only up to scale, and the cross-dimensional
maps of theorem 2.3 are what force one constant across all n. The classical uniqueness has
an operational reading. Monotonicity says statistical distinguishability does not increase under
processing; uniqueness says there is one ruler for that distinguishability. A classification program
for statistical systems can therefore treat the Fisher metric as classifying data without a choice
problem. Section 4 shows that this comfort does not survive quantization.
Remark 3.5 (Fisher geometry of the simplex). The Fisher metric on the interior of ∆n−1 is, up to
scale, the round-sphere metric. Substitute pi = y2

i with yi > 0; the constraint
∑

i pi = 1 becomes∑
i y2

i = 1, and
∑

i(dpi)2/pi = 4
∑

i(dyi)2, so the metric is four times the round metric of the unit
sphere restricted to the positive orthant of Sn−1. For n ≥ 3 the sectional curvature is 1/4 in this
normalization, and the geodesic distance between p and p′ is 2 arccos

∑
i

√
pip′

i. For the Bernoulli
model (n = 2) the state space is an arc of a circle of radius 2, and in the coordinate q = log(p1/p2)
the line element is (dq)2/(4 cosh2(q/2)).

4 Quantum monotone metrics
Petz and Sudár [22] classified the monotone metrics of theorem 2.5 on finite-dimensional state spaces.
The answer is parametric, not unique.
Theorem 4.1 (Petz-Sudár). Monotone metric families {g(d)}d≥2 in the sense of theorem 2.5
correspond exactly to functions f : (0, ∞) → (0, ∞) that are operator monotone of all matrix orders
and satisfy f(t) = tf(1/t), by the formula (5) in each dimension [20, 21]. The correspondence is a
bijection after the normalization f(1) = 1, which is equivalent to restricting to the Fisher value on
diagonal tangent vectors; without the normalization, metrics correspond to f only up to a positive
constant. In particular the symmetric logarithmic derivative metric of theorem 2.6 corresponds to
f(t) = (1 + t)/2, and there are infinitely many monotone metrics.

The correspondence in this normalization is the one computed below: for f(t) = (1 + t)/2 the
formula (5) gives gf

ρ (X, X) =
∑

i,j 2|Xij |2/(λi +λj), which is exactly Tr(XL) with X = (ρL+Lρ)/2,
since in the eigenbasis the defining equation reads Xij = Lij(λi + λj)/2. The word “correspond” in
the theorem is exact in both directions: every operator monotone f with f(t) = tf(1/t) produces a
monotone metric, and every monotone metric arises this way. The classification is complete as a
parameterization, and the parameter is a function rather than a finite list.
Proposition 4.2 (Non-uniqueness on qubit states). Let ρ = diag(3/4, 1/4) and let X = σx/2,
Y = σz/2 be the transverse and radial tangent vectors at ρ in Bloch coordinates. For the symmetric
logarithmic derivative metric,

gsld
ρ (X, X) = 1, gsld

ρ (Y, Y ) = 4
3 . (12)
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For the Wigner-Yanase metric, given by (5) with fwy(t) = 1
4(1 +

√
t)2,

gwy
ρ (X, X) = 4(2 −

√
3), gwy

ρ (Y, Y ) = 4
3 . (13)

The radial-to-transverse ratio is 4/3 for the symmetric logarithmic derivative metric and (2+
√

3)/3 ̸=
4/3 for the Wigner-Yanase metric, so the two metrics are not proportional. Quantum monotone
metrics are not unique, even up to a constant.

Proof. For X = σx/2 the matrix entries are X12 = X21 = 1/2 and X11 = X22 = 0. The symmetric
logarithmic derivative equation X = (ρL + Lρ)/2 for off-diagonal entries reads Xij = Lij(λi + λj)/2,
so L12 = L21 = 1/2 · 2/1 = 1 and L = σx. Then gsld(X, X) = Tr(XL) = Tr(σ2

x/2) = 1. For
Y = σz/2 the derivative is diagonal and L = diag

(
(1/2)/(3/4), (−1/2)/(1/4)

)
= diag(2/3, −2), so

gsld(Y, Y ) = Tr(Y L) = (1/2)(2/3) + (−1/2)(−2) = 4/3.
For the Wigner-Yanase metric the coefficient of |Xij |2 in (5) is 1/(λifwy(λj/λi)) = 4/(

√
λi+

√
λj)2.

With λ1 = 3/4, λ2 = 1/4 the transverse value is 2 · (1/4) ·4/(
√

3/2+1/2)2 = 4/(2+
√

3) = 4(2−
√

3),
where (

√
3 + 1)2 = 4 + 2

√
3 and 4 − 3 = 1 were used. For diagonal Y the two diagonal terms give

4(1/2)2/(2
√

3/2)2 + 4(−1/2)2/(2 · 1/2)2 = 1/3 + 1 = 4/3. The ratio (4/3)/(4(2 −
√

3)) = (2 +
√

3)/3
is not 4/3, since 2 +

√
3 ̸= 4.

The failure of uniqueness is structural, not an artifact of the qubit. The Petz family is infinite in
every dimension d ≥ 2, and the ambiguity appears already in the two-level system. Any physical
statement of the form “the geometry of the quantum state space is G” must therefore name f , or must
derive f from independent principles. This constraint carries into every proposed gravity-information
dictionary in section 10.
Remark 4.3 (The parameter as data). The classifying datum of a monotone metric is the function f ,
subject to f(t) = tf(1/t); the condition is the symmetry of the Petz formula under i ↔ j, and the
normalization f(1) = 1 fixes the scale that Chentsov’s theorem leaves free. Three members of the
family recur in this paper: f(t) = (1 + t)/2 (symmetric logarithmic derivative), fwy(t) = 1

4(1 +
√

t)2

(Wigner-Yanase), and fbkm(t) = (t − 1)/ log t (Bogoliubov-Kubo-Mori). Distinct f give distinct
metrics, so the parameter is invariant content of a quantum state system, in the same sense that the
dimension vector is invariant content of a finite-dimensional C∗-algebra. Partial selection principles
exist: the expansion of theorem 3.1 selects fbkm, and quantum estimation selects f(t) = (1 + t)/2
[2]. In holography the second-order relative entropy of boundary perturbations equals the bulk
canonical energy [17], which by theorem 3.1 selects the Bogoliubov-Kubo-Mori member for that
quantity; distinct holographic questions can invoke distinct members. No principle selects a member
for a general gravity-information dictionary.

Uniqueness has one sharp surviving locus.

Proposition 4.4 (Commutative locus). For every normalized operator monotone f and every
full-rank diagonal ρ =

∑
i λi|i⟩⟨i|, the restriction of gf to diagonal tangent vectors is the Fisher

value:
gf

ρ (X, X) =
∑

i

X2
ii

λi
. (14)

More generally the restriction of any monotone metric to commuting states is a classical monotone
metric, hence c · gfisher for some c > 0 by Chentsov’s theorem (theorem 3.4); in the Petz family
c = 1/f(1), so the normalization f(1) = 1 forces c = 1. Every normalized monotone metric restricts
to the Fisher metric on the commutative locus.
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Proof. For diagonal X only the terms i = j survive in (5), and f(1) = 1 gives gf (X, X) =∑
i X2

ii/(λif(1)) =
∑

i X2
ii/λi, for every dimension d. For the general statement, let φ be a stochastic

map of diagonal distributions. The pinching channel Φ(A) =
∑

i,j φji⟨i|A|i⟩|j⟩⟨j|, with Kraus
operators Kji = √

φji|j⟩⟨i|, is completely positive and trace-preserving, maps diagonal states to
diagonal states, and restricts to p 7→ φp. Monotonicity of the quantum metric under Φ restricts to
monotonicity of the induced classical metric, so Chentsov’s theorem applies and the restriction is
c · gfisher. The direct computation above fixes c = 1/f(1) for the Petz family.

Remark 4.5 (Commutative values). For ρ = diag(3/4, 1/4) and Y = σz/2 the value g(Y, Y ) = 4/3
of theorem 4.2 is the Fisher value

∑
i X2

ii/λi = (1/2)2/(3/4) + (−1/2)2/(1/4) = 4/3, for both
normalized metrics. The two computations agree on the diagonal, as theorem 4.4 requires, and
disagree off it.
Remark 4.6 (Qutrit values). At the qutrit state ρ = diag(0.5, 0.3, 0.2) with the off-diagonal tangent
X13 = X31 = 1/2, the Petz formula gives gsld(X, X) = 10/7 ≈ 1.4286 and gwy(X, X) ≈ 1.5010,
while the fidelity metric gives ≈ 0.3571 by the identity of theorem 2.8. On the diagonal tangent Y =
diag(0.2, −0.1, −0.1) both normalized metrics give the Fisher value 0.04/0.5 + 0.01/0.3 + 0.01/0.2 =
49/300 ≈ 0.163333, while the fidelity metric gives ≈ 0.040833. The pattern of theorems 4.2 and 4.4
holds one dimension up, and the computations of section 11 verify both statements numerically.

5 Geometry of the qubit state space
The qubit state space is the smallest quantum system and the smallest place where the Petz family
is nontrivial. Its geometry is computable in closed form, and it exhibits the two themes of the paper:
a quantum state space carries a canonical constant-curvature geometry once f is chosen, and the
choice of f matters off the commutative locus. The computations of this section are expository; the
geometry of state spaces and the fidelity constructions are documented in the information-geometric
literature [13, 2, 20], and the proofs are given in full because the paper uses the statements as
premises.

Write ρ = (I + r⃗ · σ⃗)/2 with |r⃗| < 1, so D◦
2 is the open unit ball of R3 and the eigenvalues are

λ± = (1 ± |r⃗|)/2.

Proposition 5.1 (Symmetric logarithmic derivative geometry of the qubit). In Bloch coordinates
the symmetric logarithmic derivative metric is

gsld = |dr⃗|2 + (r⃗ · dr⃗)2

1 − |r⃗|2
. (15)

In spherical coordinates |r⃗| = r = sin χ this becomes gsld = (dχ)2 + sin2χ (dΩ)2 with χ ∈ (0, π/2):
the open state space D◦

2 is isometric to an open hemisphere of the round three-sphere of radius one,
of constant sectional curvature one.

Proof. By rotational invariance of gsld it suffices to evaluate radial and transverse directions
at r⃗ = (0, 0, r). A tangent vector X = (dr⃗ · σ⃗)/2 has entries X11 = dr3/2, X22 = −dr3/2,
X12 = (dr1 − i dr2)/2, X21 = (dr1 + i dr2)/2 in the orthonormal eigenbasis of ρ. From theorem 4.1
the diagonal entries of gsld contribute X2

11/λ+ + X2
22/λ− and the off-diagonal entries contribute

2 · 2|X12|2/(λ+ + λ−). With λ± = (1 ± r)/2 one gets 1/λ+ + 1/λ− = 4/(1 − r2) and λ+ + λ− = 1, so

gsld = (dr2
1 + dr2

2) + dr2
3

1 − r2 = |dr⃗|2 + (r⃗ · dr⃗)2

1 − |r⃗|2
. (16)
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Setting r = sin χ turns (dr)2/(1 − r2) + r2(dΩ)2 into (dχ)2 + sin2χ (dΩ)2, the round metric of radius
one, on the chart χ ∈ (0, π/2); the spherical chart is singular at the center, which is covered by the
smooth embedding r⃗ 7→ (r⃗,

√
1 − |r⃗|2) ∈ S3 ⊂ R4. The distance from the center to the pure-state

boundary is π/2.

The fidelity metric of theorem 2.8 is one quarter of this metric on the qubit.

Proposition 5.2 (Fidelity metric of the qubit). On D◦
2 the fidelity metric satisfies gfid = 1

4gsld.
Consequently the open state space with the fidelity metric is an open hemisphere of the round
three-sphere of radius one half, of constant sectional curvature four.

Proof. Both metrics are invariant under the rotations of the Bloch ball induced by unitary conjuga-
tion, so at each r⃗ the rotation group fixing r⃗ forces the cross term between radial and transverse
directions to vanish and fixes transverse isotropy, and the quadratic form is determined by its
radial and transverse values. For the transverse direction, set σ = ρ + εX with X = σx/2 and

ρ = diag(λ+, λ−). Then √
ρ σ

√
ρ =

(
λ2

+
ε
2
√

λ+λ−
ε
2
√

λ+λ− λ2
−

)
, whose determinant is λ+λ−(λ+λ− − ε2/4).

Since (Tr
√

M)2 = Tr M + 2
√

det M , one gets Tr
√√

ρ σ
√

ρ = 1 − ε2/8 + O(∥εX∥3) and d2
B =

2(1 −
√

F ) = ε2/4 + O(∥εX∥3), matching 1
4gsld(X, X) = 1/4 from theorem 5.1 at every r. For the

radial direction the states commute and the fidelity reduces to the classical affinity
∑

i
√

piqi on the
Bernoulli pair p = ((1 + r)/2, (1 − r)/2); the expansion

∑
i

√
pi(pi + δi) = 1 −

∑
i δ2

i /(8pi) + O(∥δ∥3)
for

∑
i δi = 0 gives d2

B =
∑

i δ2
i /(4pi), one quarter of the classical Fisher value, and the classical

Fisher value is gsld on the diagonal by theorem 4.4. The curvature claim follows from theorem 5.1
and the constant factor 1/4, which multiplies sectional curvatures by 4.

Remark 5.3 (Normalization conventions). The factor between the fidelity metric and the symmetric
logarithmic derivative metric depends on the normalization of the fidelity, and conventions differ
across sources. In the convention of theorem 2.8, where d2

B = 2(1 −
√

F ), the fidelity metric of the
qubit is one quarter of the symmetric logarithmic derivative metric, and the corresponding sphere
has radius 1/2 rather than 1. The intrinsic statements of theorems 5.1 and 5.2 are convention-free
up to this constant: both geometries are round three-spheres up to the open-hemisphere restriction,
and the constant relates their radii. Any comparison of curvature values across sources must first
fix the normalization.
Remark 5.4 (Constant curvature without spacetime). Theorems 5.1 and 5.2 are statements about
information geometry. The round three-sphere appearing here is the geometry of statistical distin-
guishability on a two-level quantum system; it is not a spacetime and no claim about spacetime
dimension or signature follows. The example exists to separate the two readings of “geometric
correspondence”: state spaces carry Riemannian geometry by construction, and whether that
geometry is physical is a further question.
Remark 5.5 (Geodesic distance on the qubit). In the coordinates of theorem 5.1 the geodesic
distance from the maximally mixed state r⃗ = 0 to the state r⃗ = rn⃗ is χ = arcsin r, since gsld =
(dχ)2 + sin2χ (dΩ)2 and radial geodesics of the round sphere have length equal to the angle. Pure
states sit at distance π/2 from the center, and the diameter of the interior is π: the space of qubit
states is a hemisphere of finite diameter carried by statistical distinguishability, not by any spacetime
interpretation. The computational check in section 11 compares this distance profile against the
closed form.
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6 Information geometry as invariant data
The classification program identifies objects by invariants, in the spirit of the companion data that
practitioners use to tell objects apart in a completed classification. For statistical systems the
candidate invariants are the sample-space size, the isometry class of the Fisher geometry, and the
curvature data of statistical submodels.

Corollary 6.1 (Fisher geometry of the full simplex). The Fisher metric on the interior of ∆n−1 is
locally isometric to the round sphere of radius two, with sectional curvature 1/4 for n ≥ 3, and the
arc of theorem 3.5 for n = 2. The isometry group of the full model is the finite group of coordinate
permutations. Two statistical models defined on the full simplex with the same number of outcomes
are isometric as Riemannian manifolds, and a permutation of outcomes is an isometry.

Proof. The substitution pi = y2
i of theorem 3.5 is an isometry onto the positive orthant of the

round sphere of radius two. A global isometry of the connected constant-curvature orthant extends
uniquely to an ambient isometry of its metric completion Sn−1(2), and such an isometry permutes
the n extreme rays of the orthant; the orthogonal maps permuting those rays are exactly the
permutation matrices. Permutations preserve

∑
i pi = 1 and the metric

∑
i(dpi)2/pi directly, so the

isometry group is the permutation group.

Theorem 6.1 is a classification statement of the trivial kind: the full models of a fixed sample
size form one isometry class, and the only invariant is n. The classification content of information
geometry therefore lives in statistical submodels.

Definition 6.2 (Statistical submodel). A statistical submodel is a smooth embedding i : M ′ → ∆◦
n−1

of a lower-dimensional manifold M ′ into the simplex, with the pullback metric g′ = i∗gfisher. The
intrinsic and extrinsic curvature invariants of (M ′, g′) are invariants of the model. Exponential
families are the canonical submodels.

Remark 6.3 (Embedded two-outcome model). Inside the three-outcome simplex consider p(θ) =
(θ, (1 − θ)/2, (1 − θ)/2) for θ ∈ (0, 1). The tangent vector is p′(θ) = (1, −1/2, −1/2), and the induced
metric is

g′ =
(1

θ
+ 1/4

(1 − θ)/2 + 1/4
(1 − θ)/2

)
dθ2 = (dθ)2

θ(1 − θ) , (17)

exactly the Fisher metric of the standalone two-outcome model of theorem 3.5. The embedding is
isometric onto its image, so intrinsic geometry cannot detect the sample-space size: two models with
different numbers of outcomes can share a submodel geometry. The induced metric is unchanged
here because the embedding is a sufficient-statistic Markov map. Among linear stochastic maps,
pullback preserves the Fisher metric exactly when the map is a sufficient-statistic embedding, and
general smooth embeddings can reproduce the same intrinsic metric without being Markov maps,
so intrinsic geometry alone does not detect the embedding. Extrinsic data of the embedding is
additional invariant content.
Remark 6.4 (Classifying data for statistical models). For statistical models (probability and measure
structures), the Fisher metric is the natural classifying invariant in the classical case. Theorem 6.1
and theorem 6.2 make that naming precise: the invariant is the metric up to isometry, trivial on
full models and rich on submodels. This is the opposite of the symplectic situation, where local
classification is trivial by Darboux’s theorem and all content is global. Information geometry has
local content and uses it. On the quantum side the invariant data must additionally name the
member f of the Petz family (theorem 4.2), so the classifying data of a quantum state system is the
pair (state space, f) and never the state space alone.
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Remark 6.5 (Classification status of statistical models). The evidence of this paper supports the
following summary. Classical statistical models of fixed sample size are classified by theorem 6.1
up to isometry of their full Fisher geometry, and statistical submodels carry curvature invariants
without a complete classification being on record. Quantum state systems are classified as metric
spaces only after the parameter f is fixed, and no physical principle in this paper fixes it. Statistical
models are therefore a worked example of a general pattern in classification: a complete island
(Chentsov, Petz-Sudár), a trivial stratum (full simplices), and open content (submodels, quantum
parameter selection).

7 Reconstruction from probes
The second proved pattern available to a gravity-information program is reconstruction: an object
recovered from data about its relationships. Three classical results fix the pattern, and one
quantum-information result applies it to entanglement.

Theorem 7.1 (Gelfand-Naimark and Gelfand duality). Every commutative unital C∗-algebra
is isometrically ∗-isomorphic to C(X) for a compact Hausdorff space X, its Gelfand spectrum;
contravariantly, the categories of commutative unital C∗-algebras and of compact Hausdorff spaces
are dual [9]. In particular the space X is recovered from the algebra of observables O = C(X) alone.

Theorem 7.2 (Stone duality). Boolean algebras are dual to compact totally disconnected Hausdorff
spaces [25]; the space is recovered from the algebra of clopen sets.

These theorems are classification-grade only in the commutative setting: there X is determined
by O up to homeomorphism. The noncommutative Gelfand-Naimark theorem embeds an arbitrary
C∗-algebra into the operators of some Hilbert space, which is a representation theorem, not a
classification. Reconstruction of a state space from probe data is weaker than classification of all
state spaces, and this distinction is the one the classification program must preserve.

Definition 7.3 (Probe data and reconstruction). Probe data of an object P is a family of mea-
surements or relationships {ϕi(P )} indexed by probes ϕi; a reconstruction theorem assigns to the
probe data an object P̂ together with an isomorphism P̂ ∼= P in a stated category. The theorem is
classification-grade only when the probes are a complete invariant, that is, when P̂ ∼= Q̂ implies
P ∼= Q in the stated category for all objects in scope.

Remark 7.4 (Reconstruction pattern). Theorems 7.1, 7.2 and 7.5 are instances of theorem 7.3: Gelfand
spectrum from characters, Stone space from clopen sets, bulk operators from boundary subregion
algebras. In each case the probes are exact within scope, and in each case the theorem recovers
structure rather than producing it. No instance recovers dynamics, and none is a classification
theorem for the ambient category.

Theorem 7.5 (Entanglement-wedge reconstruction, Dong-Harlow-Wall). Let a boundary region A
and a code subspace of states be given in the holographic setting, with bulk geometry dual to a state
in that subspace. Every bulk operator localized in the entanglement wedge W (A) can be reconstructed
as an operator of the boundary subregion A acting on the code subspace; the reconstruction preserves
expectation values on that subspace [5]. The result is a theorem of quantum information theory
(quantum error correction and relative entropy), proved under the stated hypotheses of the holographic
code setup.

The theorem assumes its hypotheses strictly: a code subspace and an entanglement-wedge
structure are given, and no bulk geometry, field equation, or code subspace is derived from boundary
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data. It proves exact operator recovery inside a specified wedge, which is a reconstruction theorem
in the sense of theorem 7.3 (structure recovered from probe data, here boundary subregion algebras).
The mechanism is quantum error correction: the same bulk operator is represented on several
boundary subregions and the representations agree on the code subspace, the algebraic content of
complementary recovery. The recovery is exact within the assumed setting.
Remark 7.6 (Yoneda qualification). Relational determination of objects is the categorical form of
the reconstruction pattern: the functor of points Hom(−, P ) determines P up to isomorphism in a
locally small category. A standing qualification governs all such arguments here: “Yoneda does not,
by itself, establish physical equivalence, empirical adequacy, or a classification theorem.” Nothing
in theorems 7.1, 7.2 and 7.5 lifts object recovery to physical equivalence or to a classification of
physical systems.

A parallel line of work establishes representability of categorical supermaps whenever a theory
has suitable channel-state duality [10, 29]. Whether that line unifies with the Gelfand-Stone-Naimark
pattern into one principle is open, and nothing here depends on such a unification.

8 Entanglement and emergent geometry
The proposals connecting entanglement to geometry come in three strengths, and keeping them
apart is the substance of this section.
Remark 8.1 (Ryu-Takayanagi proposal). For a boundary region A in a state dual to a bulk, the
entanglement entropy S(A) is proposed [24] to equal the area of the extremal surface homologous to
A, in natural units ℏ = c = 1 reading S(A) = Area(γA)/(4GN ), with quantum corrections given by
the generalized entropy. The formula is proposed in [24], where it is checked exactly in AdS3 with a
two-dimensional conformal field theory, and derived for spherical vacuum regions in any dimension
by replica and modular methods [3]. The static formula follows from gravitational replica methods
[18]; the covariant formula with extremal surfaces was proposed in [12] and derived in [6]; quantum
extremal surfaces extend the prescription beyond the classical regime [7]. For general regions and
excited states the formula remains a proposal, and no derivation independent of AdS/CFT is on
record.
Remark 8.2 (Entanglement and connectivity). Van Raamsdonk’s argument [27] observes that
disentangling two boundary degrees of freedom in a holographic state pinches the bulk geometry
apart, and proposes that spacetime connectivity is built from entanglement. The reasoning is an
argument from controlled examples and limiting cases; it is not a derivation of the metric from
entanglement data.
Remark 8.3 (Tensor-network models). The holographic error-correcting codes of Pastawski, Yoshida,
Harlow, and Preskill [19] realize a discrete analogue of the Ryu-Takayanagi formula and of neg-
ative tripartite information inside exactly solvable tensor networks. These are toy models: they
demonstrate that the information-theoretic mechanisms are internally consistent, and they carry no
evidential weight about actual AdS/CFT.

The entropy quantities in these remarks are the standard ones. For a boundary state ρ on a union
of pairwise disjoint regions and a subregion A, the reduced state is ρA = TrĀ ρ and the entanglement
entropy is S(A) = − Tr(ρA log ρA); the mutual information is I(A : B) = S(A) + S(B) − S(A ∪ B);
the tripartite information is I(A : B : C) = I(A : B) + I(A : C) − I(A : BC), which expands to
S(A) + S(B) + S(C) − S(A ∪ B) − S(A ∪ C) − S(B ∪ C) + S(A ∪ B ∪ C) and is invariant under all
permutations of A, B, C. Strong subadditivity reads S(A ∪ B) + S(B ∪ C) ≥ S(B) + S(A ∪ B ∪ C),
and the monogamy of mutual information reads I(A : B : C) ≤ 0. In the holographic setting the
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entropies are the areas of minimal surfaces, and the question of which linear inequalities those areas
satisfy is the question of the entropy cone.

Theorem 8.4 (Holographic entropy cone). In static holographic settings with N boundary subregions
of a state purified by a complement [1], the complete linear entropy inequalities for N = 2, 3, 4
are generated by subadditivity, the Araki-Lieb inequalities, and monogamy of mutual information.
For N = 5 five further symmetry orbits of five-party inequalities, including the cyclic five-party
inequality, are required, and the resulting description is complete [11]. For six and more regions
the complete inequality set is unknown. For each fixed N there are only finitely many independent
inequalities.

Theorem 8.4 is a classification result of the kind the program seeks: finite, complete lists of
constraints, proved, with sharp scope boundaries. Completeness holds for at most five regions and
is open beyond.
Remark 8.5 (Worked cone constraints). Consider four regions with entropies S(A) = S(B) = S(C) =
S(D) = 2.0, every two-region union 3.5, every three-region union 4.5, and S(A∪B ∪C ∪D) = 5.0, in
arbitrary units. The four-region state is mixed and is purified by an environment region of entropy
5.0, so the Araki-Lieb inequality |S(A∪B ∪C)−S(D)| ≤ S(A∪B ∪C ∪D) reads 2.5 ≤ 5.0 and holds.
Strong subadditivity in the form S(A∪B)+S(B∪C) ≥ S(B)+S(A∪B∪C) reads 3.5+3.5 ≥ 2.0+4.5,
which holds. The monogamy of mutual information in the form I(A : B) + I(A : C) ≤ I(A : BC)
reads (2.0 + 2.0 − 3.5) + (2.0 + 2.0 − 3.5) ≤ 2.0 + 3.5 − 4.5, that is 0.5 + 0.5 ≤ 1.0, which holds at
equality. The cone of theorem 8.4 is exactly the set of entropy vectors satisfying all such inequalities
simultaneously; the example illustrates the constraints and proves nothing.

What the section establishes is a gradient. Entanglement-wedge reconstruction (theorem 7.5)
and the entropy cone (theorem 8.4) are theorems. The entropy formula itself (theorem 8.1) is a
proposal with derived special cases. The emergence of geometry from entanglement (theorem 8.2) is
an argument. Toy models (theorem 8.3) demonstrate mechanisms, not nature.

9 Thermodynamic geometry
The oldest working dictionary between information metrics and physical curvature is thermodynamic.
Weinhold proposed the Hessian of internal energy as a metric on equilibrium states [28]; Ruppeiner
proposed the negative Hessian of entropy and read its curvature as a measure of microscopic
interaction [23]. The Ruppeiner metric of theorem 2.9 is, up to sign convention and a conformal
factor, the Fisher metric of thermodynamic fluctuation theory, so the dictionary is an instance of
information geometry in physical coordinates. The proposal that Einstein’s equations are an equation
of state of this thermodynamic structure [14] is the sharpest form of the gravity-thermodynamics
link on record, and it is a derivation conditional on the horizon thermodynamics it assumes.

Proposition 9.1 (Ideal gas). For the ideal gas with entropy S(U, V, N) = Nk
(
cv log U + log V −

(cv + 1) log N + const
)

at fixed N and heat capacity coefficient cv, the Ruppeiner metric in the
coordinates (U, V ) is

grup = Nk

(
cv

(dU)2

U2 + (dV )2

V 2

)
, (18)

which is flat: its scalar curvature vanishes identically.

Proof. The mixed second derivatives of S vanish, −∂2S/∂U2 = Nkcv/U2, and −∂2S/∂V 2 = Nk/V 2.
In the coordinates y = √

cv log U and z = log V the metric becomes Nk((dy)2 +(dz)2), the Euclidean
metric, so the Riemann tensor vanishes and R = 0.
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Theorem 9.1 is the flat baseline of the dictionary: the ideal gas has no microscopic interactions to
diagnose, its entropy is separable in the coordinates (U, V ) at fixed N , and its Ruppeiner geometry
is Euclidean in logarithmic coordinates. Interacting models have nonzero Ruppeiner curvature.

Interacting thermodynamic models have nonzero Ruppeiner scalar curvature that grows sharply
near the critical region. For the van der Waals entropy S(u, v) = log

(
(v − b)(u + a/v)cv

)
per particle

in reduced units a = b = N = k = 1 and cv = 3/2 (whose noninteracting limit is the ideal gas of
theorem 9.1), direct computation of the Hessian and the Christoffel symbols gives the closed form

R(u, v) = 2uv5 − 4uv4 + 2uv3 − v4 + 8v3 − 16v2 + 12v − 3
u2v6 − 4uv5 + 12uv4 − 6uv3 + 4v4 − 24v3 + 48v2 − 36v + 9 , (19)

in the convention of theorem 2.9 (in Ruppeiner’s convention the sign is opposite). The numerator
and denominator share no common factor in (u, v), and R vanishes only where the numerator does.
Evaluations along the supercritical isochore v = 3 give R ≈ 0.417 at u = 1, R ≈ 9.55 at u = 0.211,
and R ≈ 179.4 at u = 0.131, a growth of more than two orders of magnitude as the internal energy
approaches the critical value uc = 1/9 ≈ 0.111, where the denominator also vanishes. The pattern is
consistent with Ruppeiner’s proposal that flatness marks noninteracting constituents and curvature
marks interactions: it holds in the two models computed here, and beyond them it remains a
proposed correspondence supported by examples.
Remark 9.2 (Two directions of the dictionary). Thermodynamic geometry instantiates both directions
of the correspondence examined in this paper. Information determines geometry: the entropy
function, an information-theoretic object, determines the metric by a Hessian. Geometry diagnoses
physics: the curvature of that metric is read as an interaction diagnostic. What thermodynamic
geometry does not provide is gravity: the metric here is on the space of equilibrium states, not on a
spacetime, and no Einstein equation relating it to matter is derived in this paper.

10 The proposed gravity-information correspondence
The Gravity-Information-Geometry research program proposes that curvature and gravitational
dynamics arise from informational relationships. This section states the correspondence as precisely
as the current evidence allows and separates what is proved from what is proposed.
Remark 10.1 (Proposed correspondence). The proposed dictionary has three entries. First, entropy of
boundary subregions determines bulk geometry, as in the Ryu-Takayanagi formula and its quantum
corrections (theorem 8.1). Second, information-geometric metrics on state spaces are candidate
sources of physical geometry, as in thermodynamic geometry (section 9). Third, gravitational
dynamics is proposed to arise from the entanglement structure of microscopic degrees of freedom
(theorem 8.2). Entries one and two are precise formulas; entry three is a programmatic direction.
None of the three is established as a derivation of Einstein’s equations from information-theoretic
axioms. Conditional derivations exist and each assumes geometric input: the Einstein equation of
state from local horizon thermodynamics [14], linearized dynamics around AdS from the entropy
formula and the entanglement first law [8, 16], and the full equation from an entanglement-equilibrium
condition [15].

Three constraints follow from the analysis.

Metric ambiguity By theorem 4.2 quantum state spaces carry no canonical monotone metric. A
dictionary that assigns geometry to quantum states must select a member f of the Petz family
or derive the selection from independent principles. The classical uniqueness of Chentsov
(theorem 3.4) cannot be invoked past the commutative locus (theorem 4.4).
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Reconstruction scope Theorems 7.1 and 7.5 recover structure from probes. Recovery is not
dynamics: no reconstruction theorem on record recovers interacting gravitational dynamics
from entanglement data.

Origin of curvature The curvature computed in theorems 5.1 and 9.1 is intrinsic to a state space
or to an equilibrium manifold. The proposed identification of such curvature with spacetime
curvature is a further hypothesis, and the computations here neither support nor refute it.

The metric ambiguity is the sharpest of the three. In classical statistical mechanics the ruler
is unique, so a correspondence of the form “statistical geometry equals physical geometry” has no
normalization freedom beyond a constant. In quantum statistical mechanics the ruler is a function f ,
and two different rulers give genuinely different geometries on the same state space, as theorem 4.2
exhibits. Any claim that a quantum state space “has” a geometry must therefore answer: which
monotone metric, and why.

The emergent-spacetime program states a central test with four targets: recover, from primitive
categorical or informational objects, (i) gauge connections and curvature, (ii) quantum states and
observables, (iii) interacting gauge-field dynamics, and (iv) spacetime geometry and gravitational
dynamics, without assuming at the outset the spacetime geometry the reconstruction is meant to
explain. Each target sits at a different point of the proved-to-proposed gradient.

Connections and curvature Thermodynamic geometry shows that curvature can be computed
from an information object (the entropy function) in equilibrium settings, and the qubit
computations show that a state space can carry constant-curvature geometry. The proposed
identification of such curvature with physical or spacetime curvature is unestablished.

States and observables The reconstruction pattern proves recovery of (X, O) from probe data
in the commutative setting (theorems 7.1 and 7.2) and of bulk operators from boundary
subregions in the holographic code setting (theorem 7.5). Both recover structure; neither
delivers dynamics.

Gauge dynamics No reconstruction theorem on record in the setting of this paper recovers
interacting gauge dynamics from information-geometric data. The status of rigorous four-
dimensional gauge dynamics is tracked separately in the series and is not used as a premise
here.

Spacetime and gravity The entropy formula is a proposal with derived special cases, the emer-
gence of connectivity is an argument, and the conditional derivations of [14, 8, 16, 15] each
assume geometric input; no unconditional derivation of Einstein’s equations from information-
theoretic axioms is on record.

Remark 10.2 (Structure-preserving discipline). Any proposed identification of systems should state
which layers of structure it preserves; equivalences that forget the monoidal or symmetric layer are
provably insufficient to recover the underlying group (a constraint from tensor-category theory). The
same discipline applies to the proposed correspondences of this section. A dictionary that identifies
information-geometric data with physical geometry must state what the identification preserves: the
state space, the algebra of observables, the metric class, the dynamics, or some combination. No
proposed correspondence examined here states its preserved layers, and none of them is presented
as an equivalence.

Deriving gravitational dynamics from quantum state spaces requires three steps that current
theorems do not supply. First, a physical principle independent of gravity must select one metric
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from the Petz family, whereas channel monotonicity leaves an infinite functional parameter f
undetermined (theorem 4.2). Second, a construction must map Riemannian geometry on state
space to a Lorentzian metric on spacetime; the Ryu-Takayanagi formula instead relates bulk areas
to subregion entropies of a fixed state, and its derivations cover only symmetric or semiclassical
regimes [3, 18, 6]. Third, the induced spacetime metric must satisfy Einstein’s equations without
assuming horizon thermodynamics at the outset [14].

The three dictionaries can be compared side by side.

Dictionary Data taken Geometry produced Status in this paper

State space Statistical or quantum
state data

Fisher or Petz metric on
the state space

Theorem, with a
metric parameter in
the quantum case

Thermodynamic Entropy function of an
equilibrium system

Ruppeiner metric on the
equilibrium manifold

Computed in two
models and proposed
beyond them

Spacetime Boundary entanglement
entropies

Bulk metric via
minimal-surface areas

Proposal with derived
special cases

Table 1: The three geometric correspondences of this paper, with the data each takes and the status
each holds. Only the first row is established without qualification.

The three dictionaries of table 1 are therefore not steps of one derivation. The entropy formula
takes subregion entropies of a single state, which carry no Petz parameter, and relates them to areas
of a posited bulk geometry; it does not convert a state-space metric into a spacetime metric. The
steps a genuine derivation would need are those of the preceding paragraph, and each is open in the
sense of section 13.

11 Computational evidence
Four computational experiments accompany the paper. They are evidence for the computations
above and are never proofs. The scripts live in src/vol-09-gravity-information-geometry/ and
each header names the claim it evidences.

The monotonicity experiment verifies theorem 3.2 numerically. For two thousand random interior
points p of the four-outcome simplex and random stochastic maps from four outcomes to three, the
smallest eigenvalue of gp − (Dφ)Tgφp(Dφ) restricted to the tangent space was 1.028 at worst. The
eigenvalues are taken in the ambient Euclidean metric on an orthonormal tangent basis, since a
difference of metric tensors has no canonical eigenvalues without a reference metric; the positive
floor is a sampling artifact of random maps avoiding the coarse-grainings where equality holds.

The monotone-metric experiment verifies theorems 4.2 and 4.4 and theorem 4.6. At the qubit
state diag(3/4, 1/4) the radial-to-transverse ratio is 1.333333 for the symmetric logarithmic derivative
metric and 1.244017 for the Wigner-Yanase metric, matching the closed forms 4/3 and (2 +

√
3)/3

to twelve decimal places. At the qutrit state diag(0.5, 0.3, 0.2) the off-diagonal tangent X13 = 1/2
gives 1.428571 and 1.500988, and the diagonal tangent gives 0.163333 for both normalized metrics
and for the Fisher value.

The qubit-geometry experiment verifies theorems 5.1 and 5.2. Metric evaluations from the
symmetric logarithmic derivative equation match the closed form |dr⃗|2 + (r⃗ · dr⃗)2/(1 − |r⃗|2) in
two hundred random trials to within 10−9, and the metric tensor in (χ, θ, φ) coordinates matches
diag(1, sin2χ, sin2χ sin2θ) to within 10−10 at sampled points, which is the round three-sphere of
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radius one. Finite-difference fidelity evaluations give gfid = gsld/4 in dimensions two to four, with
worst relative error 3.2 × 10−4 over one hundred and eighty random full-rank states and directions.
The geodesic distance from the center, obtained by numerical quadrature of the closed-form radial
element, matches arcsin r to within 10−6 at five sampled radii.

The thermodynamic experiment verifies theorem 9.1 and the van der Waals computation. The
symbolic Ricci scalar of the ideal gas metric diag(cv/u2, 1/v2) at N = k = 1 is exactly zero, and the
numeric evaluation agrees (the constants Nk and cv do not affect the vanishing). The van der Waals
Ricci scalar is a rational function of (u, v) whose sampled values are those recorded in section 9:
nonzero away from the critical point, growing from 0.128 at (2, 2) to 179.4 at (0.131, 3) near the
critical internal energy uc = 0.111.

12 Code evidence
Each computational claim of section 11 maps to a function in the accompanying code.

Claim File Function

Fisher metric is monotone under
stochastic maps

fisher_monotonicity.py check_monotonicity

Monotone metrics differ on
qubit states

quantum_monotone_metrics.py petz_metric and
compare_metrics

Monotone metrics differ on
qutrit states

quantum_monotone_metrics.py qutrit_check

Monotone metrics agree on
diagonal states

quantum_monotone_metrics.py commutative_locus_check

Symmetric logarithmic
derivative metric of the qubit is
round

bures_qubit_geometry.py sld_closed_form_check and
round_sphere_check

Fidelity metric is one quarter of
the symmetric logarithmic
derivative metric in dimensions
two to four

bures_qubit_geometry.py fidelity_metric_check

Geodesic distance from the
center equals arcsin of the radius

bures_qubit_geometry.py distance_profile_check

Ideal gas Ruppeiner curvature
vanishes

ruppeiner_geometry.py ideal_gas_curvature

Van der Waals curvature is
nonzero away from the critical
point

ruppeiner_geometry.py vanderwaals_curvature

Table 2: Computational claims and the functions that demonstrate them. Each function prints its
own pass condition; the outputs are evidence, not proofs.

The Haskell module src/vol-09-gravity-information-geometry/Instances.hs declares in-
stances of shared taxonomy classes (structural families, invariant records, decomposition hooks) for
the systems of this paper (classical statistical models, quantum state systems, entanglement-wedge
data, thermodynamic systems, weighted-nerve models). The module is executable vocabulary
validated against the statements above; it is not machine-checked, and no claim of formal verification
is made for it. The paths in this section are relative to the manuscript source tree; no permanent
archival identifier for the code is available at the time of writing, and none is invented here.
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13 Open questions
Six questions follow from the results and constraints of this paper. Each is open in the sense that
no theorem cited here resolves it.

1. Which monotone metric? Partial selection principles exist: the expansion of the Umegaki
relative entropy selects the Bogoliubov-Kubo-Mori member, quantum estimation selects the
symmetric logarithmic derivative member [2, 20], and the holographic canonical-energy analysis
selects the Bogoliubov-Kubo-Mori member for that quantity [17]. Does a physical principle
select a member f for a general gravity-information dictionary, or does the metric ambiguity
of theorem 4.2 persist in every such application?

2. Continuum convergence. Do the finite-groupoid and weighted-nerve constructions of the
emergent-spacetime program (combinatorial objects assembled from a finite groupoid with
weights, proposed as discrete models of continuum geometry) converge to a continuum
geometry, and under which conditions? Their convergence conditions are not established
without complete proofs, and every result in that setting is a hypothesis until the limit is
taken with estimates.

3. The entropy formula in general settings. The Ryu-Takayanagi formula is derived for spherical
vacuum regions and by replica methods in static and covariant form [3, 18, 6]. What replaces it
where extremal surfaces fail (quantum extremal surfaces being one candidate [7]), and what is
its status for general excited states? The proved quantum-information content (entanglement-
wedge reconstruction, the entropy cone for at most five regions) does not settle the status of
the formula itself.

4. Curvature as physics. Under what hypotheses does the curvature of an information-geometric
metric correspond to a physical interaction or to spacetime curvature? The thermodynamic
reading works in the two models computed here and is a proposed correspondence beyond
them. The step from equilibrium curvature to spacetime curvature is unmade.

5. Infinite dimensions. How do the Petz family and the uniqueness locus behave on the state
spaces of quantum field theory, where the finite-dimensional proofs of this paper do not apply?
The monotone-metric classification in that setting is a different problem from the one solved
by Petz and Sudár.

6. Reconstruction of dynamics. Can a reconstruction theorem in the sense of theorem 7.3 recover
interacting dynamics from probe data? Every reconstruction result on record recovers structure,
not evolution.

14 Limitations
Everything computed here is finite-dimensional. The infinite-dimensional state spaces of quantum
field theory, including type III factors with their non-type-I modular theory, are outside the proofs
of this paper, and the behavior of the Petz family there is a different question.

Theorems 3.4, 4.1, 7.1, 7.2, 7.5 and 8.4 are quoted from the literature with their hypotheses and
are not reproved here. The proofs given in this paper are those of theorems 3.2, 4.2, 4.4, 5.1, 5.2
and 9.1, and the computations of section 11 are numerical checks of exactly those statements.

The van der Waals curvature values are numerical. They are computed away from the critical
point and are consistent with the interaction reading of the Ruppeiner curvature; no theorem here
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connects thermodynamic curvature to microscopic dynamics in general systems. The parameter f
of the Petz family is not derived from physical principles in this paper beyond the partial selections
of theorem 3.1, so the metric ambiguity of theorem 4.2 is exhibited, not resolved.

No statement of this paper derives Einstein’s equations, or any gravitational dynamics, from
information-theoretic axioms. The entropy formula remains a proposal outside its derived special
cases, and the continuum convergence of weighted-nerve constructions is unestablished and unused.

The status of the correspondence is mathematical, not empirical. Nothing here is a claim
about measured physics, about the value of any physical constant, or about the correctness of any
experiment. On the scale of mathematical achievement (formulation, rigorous theorem, physical
validation) the results of this paper sit on the first two levels: the formulations are precise, the
theorems are proved or quoted with hypotheses, and physical validation of any gravity-information
correspondence is not part of this paper.

15 Conclusion
The relationship between information geometry and gravity is a correspondence of two very different
evidential statuses, and the classification viewpoint makes the boundary precise. Classical statistical
geometry is rigid: the Fisher metric is the unique monotone ruler, and the simplex carries a
round-sphere geometry. Quantum statistical geometry is parametric: the Petz family is infinite,
the ambiguity appears already on qubits, and any dictionary that assigns geometry to quantum
states must name its metric. Uniqueness survives exactly on the commutative locus, where every
normalized monotone metric restricts to the Fisher metric.

The proofs contributed here fix that boundary at six points. Fisher monotonicity is proved by a
Cauchy-Schwarz argument and checked against two thousand random trials. The non-proportionality
of the symmetric logarithmic derivative and Wigner-Yanase metrics on qubit states is an explicit
computation at one state, and it settles the uniqueness question for the quantum case in the negative.
The commutative-locus statement localizes the surviving uniqueness with a diagonal computation
and Chentsov’s theorem. The symmetric logarithmic derivative metric of the open qubit state space
is an open hemisphere of the round three-sphere of radius one, computed in Bloch coordinates
and identified by the substitution r = sin χ; the fidelity metric is one quarter of it. The ideal
gas Ruppeiner metric is flat by an explicit coordinate change, and the van der Waals curvature is
nonzero away from the critical point and grows toward it.

The geometric side of the correspondence is graded the same way. Entanglement-wedge recon-
struction and the entropy cone for at most five regions are theorems. The qubit computations show
that constant-curvature geometry arises from state spaces by construction. The entropy formula
in general settings, the emergence of spacetime from entanglement, and gravity from information
geometry are proposals and arguments, and this paper has kept them at that status.

What follows for the classification program is a concrete constraint. Information-geometric
invariants classify classical statistical systems without a choice problem and quantum systems
only after a choice of f . A restricted classification statement in this area must therefore fix the
monotone metric as part of its data. The three dictionaries of table 1 are not interchangeable,
and only the state-space dictionary is established without qualification. The central question of
the emergent-spacetime program stays open: whether the structures examined here recover an
interacting physical theory without assuming the spacetime geometry they aim to explain. The
evidence assembled here locates that question rather than answers it.
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