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Abstract

This paper classifies and reconstructs spacetime and separates what is proved from what
is proposed. Four results are complete within their stated hypotheses: connected holonomy
groups of Lorentzian manifolds in signature (1, n − 1) are classified and realized by explicit
metrics; the causal ladder of spacetimes is complete as a hierarchy of causality conditions; closed
3-manifolds decompose into exactly eight Thurston geometries; and for two, three, and four
boundary regions the holographic entropy cone is cut out by strong subadditivity together
with monogamy of mutual information. Against these islands, the homeomorphism problem
for closed 4-manifolds is algorithmically undecidable, so finite classification tables exist only
in tame regimes. Reconstruction recovers a target geometry from relational probe data: the
chronological order determines the topology and the conformal class of a distinguishing spacetime,
and entanglement-wedge reconstruction recovers bulk operators from boundary subregions in
a quantum-information setting. The Ryu-Takayanagi formula remains a proposal, with exact
agreement in AdS3/2D CFT and for spherical regions in higher dimensions, HaPPY codes realize
it in toy models only, and entanglement-induced geometry is an argument. Two boundary
statements delimit the subject: monogamy of mutual information is independent of strong
subadditivity over entropic vectors, and the ladder depends on how its rungs are translated to
discrete orders.

1 Introduction
Lorentzian geometry admits no uniform classification by local invariants: the causal, metric, and
holonomic structures of a spacetime constrain its metric only up to large equivalence classes.
Riemannian manifolds and Lie algebras carry discrete or rigid classification invariants. Lorentzian
spacetimes offer global invariants instead: holonomy groups, causal ladder rungs, Thurston model
geometries. Each of these determines geometry only within a restricted class or up to conformal
rescaling. The questions are which of these invariants classify their stated targets, which of them
reconstruct a geometry from relational data, and where the classification runs out.

The evidence divides cleanly. On one side stand four complete results inside their hypotheses.
Connected holonomy groups of Lorentzian manifolds are classified and every entry is realized by a
metric [1]. The causal ladder of spacetimes is complete: each rung strengthens the previous one
and strict counterexamples separate the rungs [2]. Closed 3-manifolds decompose into exactly eight
model geometries [3, 4]. For at most four boundary regions the holographic entropy cone is cut
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out by two named inequalities [6]. On the other side stands a sharp failure: the homeomorphism
problem for closed 4-manifolds is algorithmically undecidable, and Tancer’s construction needs as
few as nine summands of S2 ×S2 [5]. That bound limits the topological complexity an undecidability
proof requires; it does not separate decidable from undecidable manifolds, and the recognition
problem for S4 itself remains open. Finite tables of model geometries therefore exist in dimension
three and not in dimension four.

Metric reconstruction from non-metric data succeeds classically up to a conformal factor and
remains partially conjectural in the quantum setting. In distinguishing spacetimes of dimension
n ≥ 3 the chronological order determines the manifold topology and the conformal metric class [8, 9].
Holographic reconstruction operates rigorously only inside restricted code subspaces: boundary
subregions reconstruct bulk operators in their entanglement wedge [11], while the identification of
bulk areas with boundary entropies remains an unproved variational prescription [10], its toy-model
realizations [12] and its entanglement arguments [13] notwithstanding. The proved determination
theorems and the proposals are kept in separate sections below, and the proposals never carry the
theorems’ authority.

This paper classifies mathematical representations of physical systems rather than physical
systems themselves. A system is recorded as a tuple P = (X, O, D, S, C) of state space, observables,
dynamics, symmetries, and composition rules; spacetime systems carry manifolds, metrics, causal
relations, and holonomy groups in the state-space slot. Theorems cited from the literature appear
with their hypotheses and their scope. Proposals and arguments are labeled as such in every section
where they appear. Statements proved here carry complete proofs, and standard counterexamples
are attributed to their sources.

The relation to prior work is one of scope. The classification theorems used here are complete
results about narrow targets: holonomy groups [1], causality conditions [2], model geometries
[3, 4], and entropy cones [6]. The reconstruction theorems determine geometry from relational
data [8] and represent bulk operators on boundary regions [11]. The holographic literature adds a
prescription [10], solvable models [12], and a research argument [13]. What no source supplies is a
classification of Lorentzian spacetimes up to isometry, and what this paper adds is a set of boundary
results: invariants that fail to be complete (Theorem 4.1), inequalities that fail to be redundant
(Theorem 8.2), and a ladder that fails to transfer to discrete models (Theorem 6.5). Boundaries of
this kind are what a classification program needs before it can state honest targets.

Two boundary statements are made precise here. Monogamy of mutual information is not
implied by strong subadditivity even over classical entropic vectors; the perfectly correlated triple of
Theorem 8.2 is the standard counterexample of the holographic-entropy literature [7, 6], recorded
with a short self-contained derivation. The causal ladder, read as a hierarchy of order-theoretic
conditions, depends on how its rungs are translated to discrete orders: the compactness rung
holds universally in finite orders while the strict-chronology reading of distinguishing fails there
(Theorem 6.3, Theorem 6.4).

The paper also separates three notions that are routinely conflated in emergent-spacetime
discussions: classification of geometries by invariants, reconstruction of geometry from probe data,
and derivation of a theory’s dynamics from information. The first two have proved instances in this
volume and the third does not. Executable checks of the entropy inequalities, finite-order causal
checks, and a typed taxonomy of the volume’s systems accompany the arguments as computational
evidence.
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2 Definitions
The definitions state each notion explicitly; classical notions follow standard usage.

Definition 2.1 (Lorentzian spacetime). A Lorentzian spacetime is a connected, time-orientable
smooth manifold M of dimension n ≥ 2 equipped with a Lorentzian metric g of signature (1, n − 1).
The points of M are events. Two spacetimes (M, g) and (M ′, g′) are conformally equivalent when a
diffeomorphism pulls one metric back to a positive conformal multiple e2f g′ of the other. They are
isometric when the conformal factor is constant equal to one.

Definition 2.2 (Causal relations). For events p, q ∈ M write p ≺ q when a future-directed
timelike curve joins p to q, and p ≤ q when a future-directed causal curve joins them. Write
I+(p) = {q : p ≺ q} and J+(p) = {q : p ≤ q}, and symmetrically for the pasts. The relations ≺ and
≤ are the causal order of the spacetime.

Definition 2.3 (The causal ladder). A Lorentzian spacetime is chronological when no closed timelike
curve exists, causal when no closed causal curve exists, distinguishing when I−(p) = I−(q) implies
p = q and I+(p) = I+(q) implies p = q (past-distinguishing and future-distinguishing), strongly
causal when every event has a neighborhood base of causally convex open sets, stably causal when a
time function exists, causally continuous when distinguishing and the maps p 7→ I±(p) are outer
continuous (the spacetime is reflecting), causally simple when distinguishing and each J+(p), J−(p)
is closed, and globally hyperbolic when the spacetime is causal and J+(p) ∩ J−(q) is compact for all
p, q. These conditions form the causal ladder, ordered from chronology to global hyperbolicity [2].
Causality is part of the definition of global hyperbolicity: compact diamonds alone do not exclude
closed causal curves.

Definition 2.4 (Holonomy). For a Lorentzian spacetime (M, g) the holonomy group Hol(g) is the
subgroup of O(1, n − 1) obtained by parallel transport of the Levi-Civita connection along piecewise
smooth loops at a base point; the restricted holonomy Hol0(g) is the identity component. The
metric g is decomposable when the tangent bundle splits as an orthogonal direct sum of proper
nondegenerate subspaces that are parallel for the connection, equivalently when Hol(g) preserves
such a splitting; a Lorentzian splitting consists of a Lorentzian factor and one or more Riemannian
factors. Otherwise g is indecomposable.

Definition 2.5 (Entropy vectors). Let A1, . . . , An be boundary regions and let S assign a nonneg-
ative real number S(A) to every nonempty union A = Ai1 ∪ · · · ∪ Aik

, with S(∅) = 0. The tuple
S ∈ R2n−1 is an entropy vector. An entropy vector is entropic when it is realized by the von Neumann
entropy of some quantum state on the tensor product of the region Hilbert spaces. Standard inequal-
ities include subadditivity S(A) + S(B) ≥ S(AB), the Araki-Lieb bound |S(A) − S(B)| ≤ S(AB),
and strong subadditivity

S(U) + S(V ) ≥ S(U ∪ V ) + S(U ∩ V ), (1)

for all unions U, V of the Ai. Mutual information is I(A:B) = S(A)+S(B)−S(AB), and conditional
mutual information is I(A:B | C) = S(AC) + S(BC) − S(ABC) − S(C). Monogamy of mutual
information for three disjoint regions A, B, C (single or composite unions of the Ai) is the inequality

S(A) + S(B) + S(C) + S(ABC) ≤ S(AB) + S(AC) + S(BC). (2)

The inequality applies to every choice of disjoint A, B, C; for single regions it reads as stated, and
for composite regions it gives the coarse-grained instances used at n = 4.
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Definition 2.6 (Holographic entropy cone). Fix n boundary regions of a conformal field theory
with a smooth static classical Einstein dual. The Ryu-Takayanagi prescription assigns each region
A the area of a minimal bulk surface homologous to A in a static slice; the resulting vectors S lie in
the holographic entropy cone Hn ⊆ R2n−1, the closure of vectors realized by such surfaces. An RT
inequality is a linear inequality valid on Hn [6]. Staticity keeps the minimal-area prescription of [10]
in force; a covariant extremal-surface prescription exists [14] and is not used in this paper.
Definition 2.7 (Reconstruction from probes). A probe datum for a class of spacetimes is a rule
assigning to each spacetime relational data D(M, g) that does not name the metric: a causal order,
a family of curves, an algebra of observables, a set of entropies. A reconstruction of a target T from
D is a procedure which recovers T from D(M, g) for every spacetime in a stated class, together
with a proof that the recovery is faithful for a stated equivalence: isometry, conformal isometry,
or isomorphism. A reconstruction theorem must state its class, its datum, and its equivalence; a
reconstruction claim without all three is incomplete.
Definition 2.8 (Systems of this volume). The physical systems of this volume are tuples P =
(X, O, D, S, C) in which X carries geometric data: a smooth manifold with a Lorentzian metric, a
causal relation, a holonomy group, or one of the Thurston geometry types. Entropy-vector systems
carry measure-theoretic data and are included because the holographic cone is defined on them. All
equivalences used in this volume are stated in the results that use them; none is assumed silently.
Definition 2.9 (Spacetime classification problem). Fix a dimension n and an equivalence ≃ among
isometry, conformal equivalence, and diffeomorphism. The classification problem Class(Lorn/ ≃)
is the problem of describing the equivalence classes of Lorentzian spacetimes of dimension n by a
complete set of invariants: a list of values such that two spacetimes carry the same values exactly
when they are ≃-equivalent. A solution must state the equivalence, the invariant, and the class; a
list of invariants that is constant on classes but not separating on them is a partial solution only.
Remark 2.10 (Claim status). The program distinguishes a proved theorem from a proposal and an
argument. In this paper, theorems are cited with their hypotheses and their sources, propositions
proved here carry complete proofs, and the conjectural holographic material is marked as proposal
or argument in every section where it appears. Computational evidence is evidence and is never
presented as proof.

3 Classification invariants
A classification is only as sharp as the invariant it uses. Table 1 records the invariants in force for
this volume: five rows classify their stated targets completely within stated classes, and one row
records the open reconstruction problem.

The rows attach data to a spacetime without fixing its isometry class, as Theorem 4.1 shows.
The last row states the reconstruction problem in the language of invariants. The conformal class is
recovered from the chronological order (Theorem 9.1) and the isometry class is not (Theorem 9.2).
Bulk geometry is recovered inside a code subspace from boundary operator data (Theorem 9.5) and
is not known to be recovered from entanglement data alone. Classification and reconstruction use
the same rows of the table and ask different questions of them.

4 Incomplete invariants
Invariants do not classify unless they are complete. The holonomy group, the causal class, and the
dimension fail to be complete: an explicit pair of spacetimes shares all three and is not isometric.
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Table 1: Classification invariants of this volume. “Scope” names the class the invariant classifies;
“Status” records whether the classification is complete, partial, or open.

Invariant Classifies Scope Status

Holonomy group Connected holonomy types Indecomposable Lorentzian
metrics

Complete

Causal class Rung of the causal ladder Lorentzian spacetimes Complete
Thurston geometry
type

Geometry type of each piece Pieces of a closed 3-manifold
decomposition

Complete

RT inequality data Facets of the entropy cone At most 4 boundary regions Complete
Conformal class Metric up to conformal

factor
Distinguishing spacetimes Complete

Entanglement data Bulk geometry Holographic code subspaces Open

Proposition 4.1 (Shared invariants, distinct spacetimes). There exist two Lorentzian spacetimes
with the same dimension, the same holonomy group, and the same causal class, which are not
isometric. Concretely, the flat plane R1,1 with metric −dt2 + dx2 and the flat cylinder R × S1 with
metric −dt2 + dθ2 both have trivial holonomy and are both globally hyperbolic, and no isometry
exists between them.

Proof. Both metrics are flat: the Riemann tensor vanishes in the coordinates displayed, so parallel
transport is path-independent and the holonomy group of each is the identity. Both are globally
hyperbolic: t is a time function on each space, every inextendible causal curve meets each level
set of t exactly once, the level sets are Cauchy surfaces, and each causal diamond is closed with t
bounded and with spatial coordinate in a compact circle or an interval, hence compact. The two
spaces are not diffeomorphic: the fundamental group of the cylinder is Z and the fundamental group
of the plane is trivial, and an isometry would in particular be a diffeomorphism. Hence the listed
invariants do not determine the isometry class.

Corollary 4.2 (Classification by these invariants is not classification). No classification of Lorentzian
spacetimes up to isometry can be read off the holonomy group, the causal class, and the dimension
alone. Any complete classification must add global invariants, such as topology or global curvature
data, and the list of Table 1 must be read as a list of attached data rather than as a complete set of
coordinates.

Proof. Theorem 4.1 exhibits two non-isometric spacetimes with identical values of every listed
invariant, so the map from spacetimes to invariant values is not injective on isometry classes.

The holonomy classification of Theorem 5.1 and the ladder of Theorem 6.1 are sharp exactly
because their targets are narrow: possible holonomy groups, and possible causality regimes. The-
orem 4.2 states the complementary limit: a sharp invariant classification of a feature is not a
classification of the object. A complete classification in this sense would need additional global
invariants, such as topology or global curvature data, in addition to the rows of Table 1.

5 Lorentzian holonomy
Holonomy is the classical invariant of a metric connection. For Lorentzian metrics it is completely
classified [1], and this section records the classification together with two proved structural properties
of the invariant.
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Theorem 5.1 (Lorentzian holonomy classification). Let (M, g) be a connected, simply connected
Lorentzian manifold of signature (1, n − 1) with g indecomposable. Then the connected holonomy
group Hol0(g) is one of the following: the full group SO(1, n − 1)↑; a special holonomy group whose
algebra stabilizes a null line and embeds in the similarity algebra sim(n−2) = (R⊕so(n−2))⋉Rn−2;
or, when g is locally symmetric, the isotropy holonomy of a symmetric space. Every entry of the list
is the holonomy group of an explicitly constructed Lorentzian metric [1].

Argument structure. The classification proceeds in three steps. First, the holonomy algebra embeds
in so(1, n − 1) and is restricted by Berger’s criterion in its Lorentzian form: an algebra acting
irreducibly is all of so(1, n − 1), while a reducible indecomposable algebra must stabilize a null
line, since a subalgebra preserving a timelike direction would split the metric. Second, the null-
line-stabilizing case is classified by prolongation: the algebra embeds in sim(n − 2) and its screen
projection in so(n − 2) is a Riemannian holonomy algebra, so the candidate list reduces to the
Riemannian Berger list with the extra similarity data. Third, realization constructs a Walker or
plane-wave type metric for each admitted algebra and checks its holonomy by direct computation of
the curvature and its parallel translates. The complete argument, including the full entry-by-entry
table and the realizing metrics, is in the survey of Galaev [1], which supplies the complete proof.

Remark 5.2 (Invariant, not classifier). The holonomy group classifies holonomy groups, not space-
times. Many non-isometric metrics share a holonomy type, and the classification of Theorem 5.1
is a classification of the invariant recorded in Table 1. It is the spacetime analogue of classifying
the possible values of an invariant, which is a different achievement from classifying the objects on
which the invariant is evaluated.

Proposition 5.3 (Holonomy of a product). Let (M1, g1) and (M2, g2) be connected pseudo-
Riemannian manifolds. On the product M1 × M2 with the product metric g1 ⊕ g2, the restricted
holonomy satisfies

Hol0(g1 ⊕ g2) = Hol0(g1) × Hol0(g2).

Proof. The Levi-Civita connection of a product metric is the direct sum of the factor connections,
so parallel transport preserves the splitting T (M1 × M2) = TM1 ⊕ TM2 of tangent spaces into
horizontal and vertical parts. By the Ambrose-Singer theorem the restricted holonomy algebra
is generated by parallel translates of curvature endomorphisms. The curvature of the product
splits as R = R1 ⊕ R2, each factor curvature acting only on its own summand, so the generated
algebra is hol0(g1) ⊕ hol0(g2). Exponentiating gives the group identity for restricted holonomy. No
completeness assumption is used; the identity concerns the restricted group, which is generated by
contractible loops.

Theorem 5.3 is the invariant-level statement of what it means for a metric to decompose. Inde-
composability in Theorem 2.4 is exactly the failure of this splitting, and the holonomy classification
of Theorem 5.1 is a classification of the indecomposable case.

Lemma 5.4 (Restricted holonomy). For every Lorentzian spacetime the restricted holonomy Hol0(g)
is a connected Lie subgroup of SO(1, n − 1)↑, and time-orientability places the full holonomy Hol(g)
in the orthochronous group O(1, n − 1)↑. The quotient Hol(g)/Hol0(g) is countable in its intrinsic
topology, and the classification of Theorem 5.1 concerns the connected part.

Proof. Hol0(g) is generated by parallel transport along contractible loops, hence connected and
contained in the identity component SO(1, n − 1)↑ on every Lorentzian manifold, independently
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Table 2: Coarse strata of the Lorentzian holonomy classification. The entry-by-entry table with
realizing metrics is in the cited survey; the strata record how the cases are organized.

Stratum Holonomy type Scope

Generic Full group SO(1, n − 1)↑ Indecomposable metrics without spe-
cial structure

Special Null-line-stabilizing algebras inside
sim(n − 2)

Plane waves and Walker metrics real-
izing each entry

Symmetric Isotropy of a symmetric space Locally symmetric Lorentzian metrics
Decomposable Products of factor holonomy groups Split metrics, by Theorem 5.3

of orientability. Time-orientability is exactly the condition that parallel transport preserves time-
orientation on all loops, so Hol(g) lies in the orthochronous group. The quotient of a Lie group by
its identity component is countable in the intrinsic topology of the quotient, though it need not be
discrete in the subspace topology of O(1, n − 1).

Remark 5.5 (Two standard examples). Two metrics illustrate the cases of Theorem 5.1. The flat
metric on Minkowski space has trivial holonomy and is both decomposable and locally symmetric,
so it sits outside the indecomposable list of the theorem: its trivial holonomy is an instance of
Theorem 5.3 applied to flat factors. A plane-wave metric (a Walker metric with parallel null vector)
is indecomposable with a special holonomy group obtained by the prolongation construction, and
its holonomy is the proper null-line-stabilizing entry predicted by Theorem 5.1 and realized by the
metric itself [1]. The special entries of the list are attained by such metrics rather than merely
possible.

Table 2 is an organization of Theorem 5.1, not a second classification: the proved statement is
the entry-by-entry list with realizing metrics [1], and the strata record the three constructions used
in the proof plus the decomposable case excluded from it. Read as classification data, the table says
which construction a given holonomy group came from; it does not say which spacetime carries it.

6 The causal ladder
Causality conditions order spacetimes by how badly causal curves misbehave. The ladder is complete
as a classification of these conditions [2], and its rungs do not survive translation to discrete orders.

Theorem 6.1 (Completeness of the causal ladder). For Lorentzian spacetimes the causality con-
ditions of Theorem 2.3 form a strict chain: global hyperbolicity implies causal simplicity, which
implies causal continuity, which implies stable causality, which implies strong causality, which implies
distinguishing, which implies causality, which implies chronology. Each implication is strict: for
each pair of adjacent rungs there exists a spacetime satisfying the lower rung and violating the higher
one. Global hyperbolicity is the strongest of the standard causality conditions, and it is equivalent to
the compactness of causal diamonds J+(p) ∩ J−(q) together with the absence of closed causal curves
[2].

Argument structure. The implications are proved in the source in a single framework with minimal
hypotheses; the strictness is proved by constructing, for each pair of adjacent rungs, a separating
spacetime, and the equivalences at the top rung are proved by the compactness characterization of
global hyperbolicity. The survey of Minguzzi and Sánchez also records the alternative definitions of
each rung and the smoothability results needed to make the examples smooth. The contribution of
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Table 3: Rungs of the causal ladder and the pathology each excludes. The chain of implications is
strict; Theorem 6.1 and Theorem 6.2 give the implications and the separating examples.

Rung Pathology excluded

Chronological Closed timelike curves
Causal Closed causal curves
Distinguishing Distinct events with identical pasts or identical futures
Strong causality Causal curves returning arbitrarily close to their starting event
Stable causality The absence of a global time function
Causal continuity The failure of outer continuity for pasts and futures
Causal simplicity Causal futures and pasts that are not closed sets
Global hyperbolicity Closed causal curves or noncompact causal diamonds

this paper begins at Theorem 6.3, where the ladder is tested against a different category of causal
models.

Remark 6.2 (Separating examples). The strictness of Theorem 6.1 is witnessed by standard examples
catalogued in [2]: spacetimes with closed timelike curves fail chronology, quotients with closed
causal curves but no closed timelike curve fail causality only, and each higher rung has a separating
example in which the lower rung holds and the higher one fails. The existence of these examples is
what makes the ladder a classification of causality conditions rather than a list of definitions: each
name refers to a genuinely distinct regime.

Table 3 doubles as the checklist used by the finite-order tests of Theorem 6.3 and Theorem 6.4:
the compactness rung passes on every finite order and the distinguishing rung fails on the antichain,
which is the first row where the discrete translation breaks.

The ladder is a theorem about the category of Lorentzian manifolds. Causal set models and
other discrete approaches to spacetime replace the manifold by a partially ordered set. The next
two propositions show that the ladder’s rungs do not transfer to that regime.

Proposition 6.3 (Finite orders satisfy the compactness rung). Let (X, ≤) be a finite partially
ordered set, read as a causal model with x < y meaning that x precedes y. Then no strictly increasing
loop x1 < x2 < · · · < xk < x1 exists, and every order interval [x, y] = {z : x ≤ z ≤ y} is a finite set.
Consequently the order-theoretic analogues of chronology and of compact causal diamonds hold for
every finite order.

Proof. A strictly increasing loop would give x1 < x1 by transitivity, contradicting irreflexivity of a
partial order. Every order interval is a subset of the finite set X, hence finite, and a finite set is
compact in every topology. Both claims use only the order axioms and finiteness.

Proposition 6.4 (Distinguishing fails in finite orders under the strict reading). Read the ladder
rungs on an order by translating the open futures and pasts literally: I+(x) = {y : x < y} and
I−(x) = {y : y < x}. Under this translation there exists a finite order satisfying the conclusions
of Theorem 6.3 and failing distinguishing: for the two-element antichain X = {a, b} with a and b
incomparable, one has I−(a) = I−(b) = ∅ and I+(a) = I+(b) = ∅ for distinct points.

Proof. In an antichain no two distinct points are related, so every chronological future and past is
empty. Distinct points therefore carry identical pasts and identical futures, while the order-theoretic
compactness of intervals holds vacuously. This is exactly the failure mode Theorem 2.3 forbids at
the distinguishing rung.
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Corollary 6.5 (Translation dependence of the ladder on finite orders). Rung membership of the
causal ladder is not invariant under the translation from continuum definitions to orders. The
strict reading of Theorem 6.4 fails on finite orders while the compactness rung holds universally
there, and the reflexive reading built from causal futures J±(x) = {y : y ≤ x} is distinguishing on
every antisymmetric order by construction. A discrete causality theory must therefore state which
translation it uses, and the rungs cannot be carried over verbatim from the manifold category.

Proof. Combine Theorem 6.3 and Theorem 6.4 with Theorem 6.1. In the manifold category global
hyperbolicity implies distinguishing. In the finite-order reading, the analogue of global hyperbolicity
holds on the antichain and the analogue of distinguishing fails. The implication structure therefore
differs between the two categories.

The result does not say that discrete models of spacetime are unreasonable. It says that a
classification invariant proved in the manifold category is not automatically an invariant of the
discrete one, and any program that imports the ladder into causal set theory must prove new
theorems rather than cite [2]. The finite orders studied here carry no additional structure. Causal-
set formulations of discrete spacetime impose local finiteness and a natural measure in addition to
the order and define their own discrete causality conditions; those formulations lie outside the scope
of this volume.

7 Geometrization in low dimensions
Dimension three admits a finite table of model geometries. Dimension four does not admit an
algorithmic classification. This contrast is the sharpest classification boundary in the volume.

Theorem 7.1 (Geometrization of closed 3-manifolds). Every closed 3-manifold decomposes along a
canonical family of spheres and tori into pieces, each of which admits one of exactly eight Thurston
model geometries: E3, S3, H3, S2 × R, H2 × R, Nil, Sol, and S̃L(2,R). The decomposition is unique
up to isotopy, and each geometry is realized by a homogeneous metric on its model space [3, 4].

Argument structure. Thurston reduced the classification of closed 3-manifolds to the geometrization
statement, proved by Perelman through Ricci flow with surgery: the flow breaks the manifold at
controlled singularities, and the surgery pieces are precisely the pieces carrying one of the eight
model geometries. The list of eight is exhaustive because a model geometry is a maximal simply
connected homogeneous geometry, and the classification of such geometries in dimension three gives
eight [4, 3].

Proposition 7.2 (Homogeneity of the model geometries). Each of the eight geometries of Table 4
is homogeneous: its isometry group acts transitively on the model space. The maximal isometry
dimension in dimension three is six, attained by exactly the constant-curvature geometries E3, S3,
and H3.

Proof. Each model space is a simply connected Lie group or a symmetric space carrying an invariant
metric of the stated signature (Riemannian here), and the isometry group of an invariant metric on
a Lie group contains the left translations, which act transitively. The dimension counts in Table 4
are the dimensions of the full isometry groups of the model metrics, computed from the Killing fields
of the corresponding homogeneous structures. In dimension three the isotropy of a homogeneous
geometry is a subgroup of O(3) of dimension at most three, so the isometry dimension is at most
six, and the three constant-curvature geometries attain the bound because their isotropy is all of
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Table 4: The eight Thurston geometries of dimension three and the dimensions of their isometry
groups. Each geometry is realized on its model space by a homogeneous metric; the list is exhaustive
by Theorem 7.1.

Geometry Model space Isometry dimension

Euclidean E3 6
Spherical S3 6
Hyperbolic H3 6
Spherical times line S2 × R 4
Hyperbolic times line H2 × R 4
Nil Heisenberg group 4
Sol Solvable Lie group 3
Universal cover of SL(2,R) S̃L(2,R) 4

O(3). The eight entries are precisely the maximal such geometries; maximality is the classification
input of Theorem 7.1 [4].

Theorem 7.3 (Unrecognizability in dimension four). The recognition problem for closed 4-manifolds
is algorithmically undecidable: there is no algorithm that takes as input a finite triangulation of
a closed 4-manifold and decides whether it is homeomorphic to #9(S2 × S2). The connected sum
#9(S2 × S2) is therefore unrecognizable, improving the previous bound #12(S2 × S2) of Gordon [5].

Argument structure. The construction encodes the Adian-Rabin set of a group presentation into
the topology of a simply connected 4-manifold built from the presentation, and shows that the
homeomorphism type of the resulting connected sum of copies of S2 × S2 decides a property of the
presentation that is known to be undecidable. Removing Markov’s trick and reducing the deficiency
of the presentation lowers the number of summands from twelve to nine [5].

Corollary 7.4 (Dimension contrast). A finite table of model geometries with a canonical de-
composition theorem exists for closed 3-manifolds and cannot exist, in the algorithmic sense, for
closed 4-manifolds. Classification of closed manifolds by a finite table of models is a tame-regime
phenomenon.

Proof. Theorem 7.1 supplies the finite table and the decomposition in dimension three. Theorem 7.3
shows that no algorithm can recognize the members of even a single infinite family of closed
4-manifolds, so no finite table can be accompanied by an algorithmic identification procedure in
dimension four.

Remark 7.5 (Model geometries in dimension four). Four-dimensional model geometries do exist as
a list: Filipkiewicz classified them into eighteen geometries together with one countably infinite
family [15]. The existence of a list of homogeneous models is not a classification of manifolds, and
Theorem 7.3 shows that recognition of manifolds carrying those geometries is undecidable in general.
Restricted classes do decompose; the unrestricted classification does not exist.

8 The holographic entropy cone
The holographic entropy cone is the one classification result on the quantum-information side of this
volume whose completeness is proved in a bounded range. The bound matters: for two, three, and
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four regions the inequality set is known and small; five regions are settled by a later enumeration;
from six regions on the facet lists are open. The explosion of facets from five regions on tracks the
proliferation of minimal-graph topologies that minimal surfaces can realize [6].

Theorem 8.1 (Entropy cone for at most four regions). Fix n ∈ {2, 3, 4} boundary regions of a
conformal field theory with a smooth static classical Einstein dual. The holographic entropy cone Hn

coincides with the polyhedral cone cut out by the RT inequalities, and these are exactly the strong
subadditivity inequalities (1) together with the monogamy-of-mutual-information inequalities (2) in
all their instances, including composite regions at n = 4. Monogamy is a three-region inequality: it
is already facet-defining at n = 3 and is vacuous only at n = 2. For every fixed n the number of
independent RT inequalities is finite [6].

Argument structure. The proof reduces classical Einstein geometries to minimal graph models
encoding the cutting and gluing relations of minimal surfaces, enumerates the extreme rays of
the resulting cone for n ≤ 4, and identifies the facet inequalities with strong subadditivity and
monogamy of mutual information. The finiteness for fixed n follows from the finite combinatorial
types of the graph models [6].

Theorem 8.1 is a completeness statement, and completeness statements invite over-reading. The
cone Hn is defined through the Ryu-Takayanagi prescription, which is a proposal (Section 10).
What is proved is the combinatorial geometry of the set of vectors the prescription can produce in
the classical limit. The next proposition shows that the second inequality family of Theorem 8.1 is
genuinely additional.

Proposition 8.2 (Monogamy is independent of strong subadditivity). The monogamy-of-mutual-
information inequality (2) for three single regions is not implied by strong subadditivity (1) over
entropic vectors. An explicit witness is the entropy vector of a perfectly correlated triple, the
standard counterexample of the holographic-entropy literature [7, 6]: let X be a uniform bit and set
A = B = C = X. Then

S(A) = S(B) = S(C) = S(AB) = S(AC) = S(BC) = S(ABC) = 1,

all strong subadditivity inequalities (1) hold, and (2) is violated: the left side equals 4 and the right
side equals 3.

Proof. The vector is entropic: it is realized by the classical state of the random variable X, so
every entropy is the Shannon entropy of the indicated marginal, and each listed value equals 1.
Strong subadditivity takes the form S(U) + S(V ) ≥ S(U ∪ V ) + S(U ∩ V ) for unions U, V of
{A, B, C}. If U ∩ V = ∅ then the right side is S(U ∪ V ) ≤ 1 and the left side is 2. If U ∩ V ≠ ∅
then both sides equal 2. So (1) holds in every case. Monogamy of mutual information reads
S(A) + S(B) + S(C) + S(ABC) ≤ S(AB) + S(AC) + S(BC), that is 4 ≤ 3 on this vector,
which is false. An entropic vector satisfying strong subadditivity and violating monogamy proves
independence.

Corollary 8.3 (Classical correlations violate monogamy). The witness of Theorem 8.2 is a classical
random variable, so monogamy of mutual information is not valid for general quantum states,
classical or otherwise. Its validity inside Hn is a property of minimal surfaces in classical Einstein
gravity, not a property of entropy theory. The completeness of Theorem 8.1 needs the monogamy
family in addition to strong subadditivity already at n = 3, because strong subadditivity alone leaves
room for the witness.
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Proof. The witness is classical by construction. Substituting it into (2) violates the inequality, so the
inequality is not universally valid. Theorem 8.1 therefore cannot be stated with strong subadditivity
alone.

Proposition 8.4 (Two forms of monogamy). For three single regions, (2) is equivalent to the
information form

I(A:B) + I(A:C) ≤ I(A:BC),
and both are equivalent to the negativity statement that the tripartite information I3(A:B:C) =
I(A:B) + I(A:C) − I(A:BC) is nonpositive.
Proof. Expand the mutual informations: I(A:B)+I(A:C) = 2S(A)+S(B)+S(C)−S(AB)−S(AC)
and I(A:BC) = S(A) + S(BC) − S(ABC). The inequality I(A:B) + I(A:C) ≤ I(A:BC) rearranges
to S(A) + S(B) + S(C) + S(ABC) ≤ S(AB) + S(AC) + S(BC), which is (2). The tripartite form
is the same inequality moved to one side.

Lemma 8.5 (Strong subadditivity from subadditivity and monogamy). For three single regions,
strong subadditivity follows from subadditivity together with monogamy of mutual information. At
n = 3 the strong subadditivity family is therefore a consequence rather than an independent input.
This argument covers three-region instances only: at n = 2 monogamy is vacuous, and at n = 4 the
strong subadditivity instances involving four regions are not generated by three-region monogamy
and remain independent inputs of Theorem 8.1.
Proof. The conditional mutual information factors as I(A:C | B) = I(A:BC) − I(A:B). Monogamy
(2) in the form of Theorem 8.4 gives I(A:BC)−I(A:B) ≥ I(A:C), and subadditivity gives I(A:C) ≥ 0.
Hence I(A:C | B) ≥ 0, which is strong subadditivity for the triple.

Lemma 8.6 (The witness satisfies every other standard inequality). The entropy vector of Theo-
rem 8.2 is nonnegative, is zero on ∅, and satisfies subadditivity, the Araki-Lieb bound, and strong
subadditivity. It violates only (2). Hence the independence of Theorem 8.2 is not caused by any
other failure.
Proof. All entries are 0 or 1, so nonnegativity holds and S(∅) = 0 by convention. Subadditivity
reads 1 + 1 ≥ 1 on any pair and 1 + 1 ≥ 1 with the triple, and the Araki-Lieb bound reads 0 ≤ 1;
both hold. Strong subadditivity holds by the case analysis of Theorem 8.2. Monogamy is the only
violated inequality, by the computation there.

The margin is worth recording numerically. On the witness vector the monogamy left side
S(A)+S(B)+S(C)+S(ABC) equals 4 and the right side S(AB)+S(AC)+S(BC) equals 3, so the
violation is 1 in entropy units, while every strong subadditivity slack is 0. The computational check
of Table 7 reproduces these numbers from the joint distribution of X, and the sampled classical
experiments reproduce the same pattern: strong subadditivity never fails, monogamy fails on a
positive fraction of draws.
Remark 8.7 (Open problem: entropy cone for six or more regions). The enumeration gap that [6]
left at five regions has since been closed: the complete facet list for n = 5 is known [16]. For fixed
n ≥ 6 the number of independent RT inequalities is finite, but the facet lists are open, and for
general n only one infinite family of inequalities is known [6]. No verified resolution of the n ≥ 6
gap was found in the sources reviewed (cutoff 2026-10-29).
Remark 8.8 (What the cone classifies). Hn classifies entropy vectors, not spacetimes. A point of
the cone records the entropies an RT surface assignment can produce for n regions; recovering a
bulk geometry from a point of the cone is a reconstruction problem of a different kind, taken up in
Section 9. The two problems share vocabulary and do not share theorems.
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9 Reconstruction from probes
Reconstruction in the sense of Theorem 2.7 asks what relational data suffices to determine a geometry.
A classical pattern governs such results: an object is recovered from its probes, as commutative
algebras are recovered from their characters. The two spacetime instances of the pattern that are
theorems follow, one classical and one quantum-information-theoretic.

Theorem 9.1 (Causal reconstruction of conformal geometry). Let (M, g) and (M ′, g′) be time-
oriented distinguishing spacetimes of dimension n ≥ 3 and let φ : M → M ′ be a bijection preserving
the chronological order: p ≺ q if and only if φ(p) ≺′ φ(q) for all p, q. Then φ is a diffeomorphism
and a conformal isometry. Consequently the chronological order determines the topology of M and
the conformal class [g] of the metric [8, 9].

Argument structure. The argument has two stages. First, the chronological order determines the
topology: Malament shows that an order-preserving bijection between distinguishing spacetimes is a
homeomorphism, using order arguments on chains of timelike curves rather than any metric. Second,
a homeomorphism that maps timelike curves to timelike curves preserves the conformal class, and
in dimension n ≥ 3 the causal, differential, and conformal structures of a spacetime determine each
other, so the homeomorphism upgrades to a smooth conformal isometry [9]. The complete argument
is Malament’s [8] with the smooth upgrade of [9]. In dimension n = 2 the conclusion fails: in null
coordinates (u, v) on R1,1 the map (u, v) 7→ (u3, v) preserves the chronological order but its inverse
is not smooth at u = 0.

Theorem 9.1 is the strongest reconstruction statement in this volume, and its scope is exactly
the scope of Theorem 2.7: the probe datum is the chronological order, the class is the distinguishing
spacetimes, and the equivalence is the conformal isometry class. The next corollary records the
boundary of the theorem.

Corollary 9.2 (The order does not fix the conformal factor). No reconstruction of a metric from
the chronological order alone can determine the conformal factor: distinct metrics g and e2f g on
the same manifold carry the same chronological order and are not isometric unless f is constant.
Recovering the conformal factor requires additional probe data, such as a volume form, a time
function normalized by matter, or stress-energy data.

Proof. Conformal rescaling of a metric by a positive function e2f preserves the timelike cones of
every tangent space, hence preserves the chronological order. Distinct conformal factors give distinct
metrics with the same probe datum, so no procedure reading the order can distinguish them. Any
reconstruction of the full metric must add data that breaks the conformal freedom.

Two unrelated topologies share the name Alexandrov in English transliteration. The open-
diamond topology on a spacetime, due to A. D. Alexandrov, is generated by the sets I+(p) ∩ I−(q)
and is sensitive to causality; the up-set topology on a poset, due to P. S. Alexandroff, is generated
by up-sets and is generally not T1. The two are distinguished by name throughout what follows.

Lemma 9.3 (The order determines the diamond topology). The chronological order of a spacetime
determines the open-diamond topology of A. D. Alexandrov: the sets I+(p) ∩ I−(q) form a basis
whose lattice structure is a function of the order alone. This diamond topology coincides with the
manifold topology exactly when the spacetime is strongly causal [2], so on a strongly causal spacetime
the order determines the topology of M without reference to the metric.
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Proof. Each diamond I+(p) ∩ I−(q) is defined by two order relations, so the family of diamonds
is a function of the order, and the intersection of two diamonds is a union of diamonds. The
identification of the diamond topology with the manifold topology under strong causality is the
standard characterization recorded in the causal-hierarchy survey [2]. For merely distinguishing
spacetimes the coincidence can fail, which is why Theorem 9.1 uses Malament’s order-continuity
argument instead of this topological shortcut.

Proposition 9.4 (Finite orders recover their order from their topology). Let (X, ≤) be a finite
order and give X the up-set topology of P. S. Alexandroff, whose open sets are the up-sets. Then X
is T0, the closure of a singleton is its down-set cl({x}) = {y : y ≤ x}, and the order is read off the
topology by x ≤ y if and only if x ∈ cl({y}).

Proof. The closed sets of the up-set topology are the down-sets. The closure of {x} is the intersection
of all down-sets containing x, which is the smallest such down-set {y : y ≤ x}. For T0, take x ≠ y.
Not both x ≤ y and y ≤ x hold. If x ̸≤ y then X \ {z : z ≤ y} is an up-set containing x and not y;
if y ̸≤ x the symmetric set separates y from x. In either case an open set distinguishes the pair.
The order is then recovered from the closures as stated.

Theorem 9.4 is the order-theoretic analogue of the topological step in Theorem 9.1, but it is
not the same topology: Theorem 9.3 concerns the open-diamond topology of A. D. Alexandrov on
a spacetime, while Theorem 9.4 concerns the up-set topology of P. S. Alexandroff on a poset. In
both cases a topology built from the order recovers the order. What Theorem 6.4 blocks is the next
step, the passage from order to geometry; that passage uses smoothness in Theorem 9.1 and has no
finite-order analogue.

Theorem 9.5 (Entanglement-wedge reconstruction). In the holographic correspondence, let A be a
boundary subregion of a code subspace of states with a smooth classical dual, and let W (A) be its
entanglement wedge. Bulk operators supported in W (A) can be reconstructed as operators acting
on A alone, within the code subspace. The result is a theorem of quantum information theory: its
hypotheses are stated in the language of quantum error correction and quantum relative entropy, and
its proof combines the relative-entropy argument for subregions with the error-correcting structure of
the correspondence [11].

Argument structure. The argument has two inputs. First, the quantum relative entropy of the
subregion’s state equals a bulk relative entropy in the wedge, which fixes the modular Hamiltonian
data of the bulk region. Second, the error-correcting properties of the code subspace allow bulk
operators in the wedge to be represented on A without disturbing states outside the code subspace.
Combining the two gives a boundary representation of each bulk operator in W (A), with the
hypotheses of the cited source [11].

Remark 9.6 (Layers). Theorem 9.5 is a quantum-information theorem and Theorem 9.1 is a
differential-geometric theorem. Neither is a theorem of gravity. Theorem 9.5 speaks of a code
subspace in a holographic correspondence; the interpretation of that code subspace as a theory of
quantum gravity is the conjectural layer of Section 10. Keeping the layers apart is the discipline
that makes the claims checkable.

Probe data recovers a space only where distinct spaces produce distinct probe structures. The
classical instance is the Gelfand representation theorem: a compact Hausdorff space is recovered
up to homeomorphism from its commutative unital C∗-algebra of continuous functions, through
the Gelfand spectrum of characters in the weak-* topology. Theorem 9.1 is the spacetime instance,
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Table 5: Three reconstruction theorems compared by Theorem 2.7: probe datum, recovered target,
equivalence, and hypotheses. The pattern is constant and the hypotheses are not; each theorem
stands on its own row.

Theorem Probe datum Target Equivalence Hypotheses

Gelfand
duality

Gelfand spectrum
(characters, weak-*
topology)

Compact Hausdorff
space

Homeomorphism Commutative unital
C∗-algebra

Malament Chronological order Topology and
conformal class

Conformal
isometry

Distinguishing, n ≥ 3

Entanglement
wedge

Boundary subregion
algebra

Bulk operators in the
wedge

Code equality Code subspace

recovering conformal geometry in dimension n ≥ 3 from chronological order, and Theorem 9.5 is the
quantum-information instance, representing wedge operators on boundary subregions. Category
theory names the general pattern: the Yoneda embedding characterizes an object by the totality of
its probes. The pattern alone establishes nothing physical. The qualification binding this program is
stated once here and applies throughout: Yoneda does not, by itself, establish physical equivalence,
empirical adequacy, or a classification theorem.

Table 5 makes the boundaries visible. Gelfand duality and Malament are determination theorems:
the probe datum fixes the target up to the declared equivalence. Entanglement-wedge reconstruction
is a representation theorem instead. Operators on a target region are representable on a probe
region inside a restricted class of states. The distinction matters for the conjectural layer. A claim
that entanglement determines spacetime would need to be a determination theorem of the Malament
type, with entanglement data as probes. No such theorem is on the shelf.

10 The conjectural core
Everything in this section is a proposal or an argument. Nothing here is used as a premise of a
theorem elsewhere in the paper.
Remark 10.1 (The Ryu-Takayanagi proposal). The Ryu-Takayanagi prescription [10] proposes
that the entanglement entropy of a boundary region A equals the area of a minimal bulk surface
homologous to A, in units of 4GN :

S(A) = min
γA ∼ A

Area(γA)
4GN

, (3)

where the minimum runs over bulk surfaces γA homologous to A in the spatial slice. The proposal
is argued from the AdS/CFT correspondence. Exact agreement holds in the AdS3/2D CFT case of
the original statement [10] and for spherical entangling surfaces in arbitrary dimension, where a
conformal mapping argument derives the formula [17]; a replica derivation for static bulk geometries
explains the prescription at the physics level [18], and a covariant extremal-surface generalization
is proposed in [14]. None of these arguments is a theorem of constructive quantum field theory,
and the prescription remains a proposal. The holographic entropy cone of Theorem 8.1 is defined
through this prescription, so the completeness of that theorem is a completeness statement about
the cone of a proposal. What is proved there is the combinatorial enumeration of the inequalities
the proposal produces in the classical limit; what is not proved is that the prescription holds in any
given theory.
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Remark 10.2 (Toy models). The HaPPY codes [12] are exactly solvable tensor-network models built
from perfect tensors. Inside these models the Ryu-Takayanagi formula and the negativity of tripartite
information hold exactly, and bulk logical operators admit multiple boundary representations that
mimic wedge reconstruction. The models prove statements about tensor networks. They are not
evidence about actual AdS/CFT beyond the analogy they are designed to exhibit, and no result of
this paper treats them as evidence about gravity.
Remark 10.3 (Entanglement and connectedness). Van Raamsdonk’s essay [13] argues that the
emergence of classically connected spacetime is tied to quantum entanglement: disentangling the
degrees of freedom of two regions makes the regions pinch off from each other, quantified by standard
entanglement measures. The status of the statement is an argument based on examples, not a
theorem. It states a research direction for reconstruction: if entanglement builds connectedness, then
entanglement data should determine geometric data. Theorem 9.1 shows what such a determination
would have to look like as a theorem, with class, datum, and equivalence declared. No such theorem
is claimed here.

The gap between these remarks and a reconstruction theorem of quantum gravity is not a
technicality. Theorem 9.1 recovers a conformal class from a causal order; it does not derive a metric
from entanglement. Theorem 9.5 recovers operators inside a code subspace; it does not derive the
code subspace from first principles. A derivation of spacetime geometry from informational data
without assuming the geometry at the start would need both steps in reverse order and is not on
the shelf.
Remark 10.4 (What an upgrade would require). To promote the entanglement-connectedness
argument [13] to a theorem of the kind Theorem 2.7 asks for, three things would be needed: a
probe datum consisting only of entanglement data on a declared family of subsystems, a proof that
the datum determines a spacetime up to a declared equivalence, and a demonstration that the
construction does not smuggle in the geometry at the start. Theorem 9.1 shows the second item is
achievable when the probe datum is a causal order and the equivalence is conformal. Theorem 9.2
shows that even then a conformal factor remains undetermined, so the third item requires either
additional data or a theorem that the factor is physically irrelevant. None of the three items is
established in the sources reviewed (cutoff 2026-10-29).

11 Computational evidence
Three experiments accompany the claims above. They are recorded as evidence, run from
src/vol-08-spacetime-reconstruction/, and checked by the paper’s code evidence appendix.
None of them proves anything: they test that the definitions behave as the proofs say on finite
instances. The claims each experiment probes are listed in Table 7 and Table 8.

The entropy experiment evaluates (1) and (2) on the witness vector of Theorem 8.2 and on
random classical distributions of three binary variables. The witness reproduces the proof exactly:
every strong subadditivity inequality holds and monogamy fails by a margin of one. The random
samples never violate strong subadditivity and violate monogamy in a positive fraction of cases,
which is the computational shape of Theorem 8.3. The finite-order experiment enumerates the
242 partial orders on at most four labeled points and takes a census of the ladder rungs: no order
carries an increasing loop, only 33 of the orders are distinguishing, and the antichain of two points
is the witness of Theorem 6.4. The Alexandroff experiment builds the up-set topology on each
enumerated order and verifies Theorem 9.4: the closure of each singleton is its down-set and the
topology recovers the order.
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Table 6: Typed instances of the volume’s systems against the shared family classes. Each row names
the Haskell type, the instance declared, and the paper definition the type mirrors.

Haskell type Instance Paper definition

LorentzianSpacetime PhysicalSystem,
FamilySmoothGeometric

Theorem 2.1, Theorem 2.8

LorentzianHolonomyType Data mirroring the classification Theorem 2.4, Theorem 5.1
CausalRung Data mirroring the ladder rungs Theorem 2.3, Theorem 6.1
HolographicEntropyVector PhysicalSystem,

FamilyProbabilityMeasure
Theorem 2.5, Theorem 2.6

ThurstonGeometry3 FamilySmoothGeometric Theorem 7.1, Table 4

Table 7: Executable checks and the exact claims they probe. The verdict column records what the
run shows; no entry is a proof.

Check Command Result

Witness inequalities check_witness() Strong subadditivity holds,
monogamy fails

Classical sampling sample_classical(200) No subadditivity failure, monogamy
failures present

Order loop check has_increasing_loop() over orders
to 4 points

No increasing loops

Distinguishing census is_distinguishing() over orders to
4 points

33 of 242 orders are distinguishing

Antichain distinguishing check_antichain() Equal empty pasts and equal empty
futures

Alexandroff recovery alexandrov_topology() Closures equal down-sets, order re-
covered

Taxonomy load ghc -fno-code Instances.hs Instances compile against the shared
classes

The Haskell layer records the same objects as typed instances of family classes defined outside
this volume: Lorentzian spacetime systems with holonomy and causal-rung data, entropy-vector
systems, and Thurston geometry types. The family classes are imported, never redefined. The
Haskell code is executable modeling evidence. It has not been checked by a proof assistant, and the
honest statement about its status is that the executable models are validated against the informal
specifications in this paper, not that anything here is machine-checked.

Table 6 states which formal object each Haskell type stands for, and Table 7 states what each
run demonstrates; every file is rerunnable and its output comparable with the propositions in the
body. A row that fails to match its claim is removed together with the claim.

def ssa_holds(ent):
# Strong subadditivity S(U) + S(V) >= S(U+V) + S(U*V).
for u, v in itertools.product(range(8), repeat=2):

lhs = ent[u] + ent[v]
rhs = ent[u | v] + ent[u & v]
if lhs + 1e-12 < rhs:

return False
return True

def mmi_holds(ent):
# Monogamy S(A)+S(B)+S(C)+S(ABC) <= S(AB)+S(AC)+S(BC).
A, B, C = 1, 2, 4
lhs = ent[A] + ent[B] + ent[C] + ent[A | B | C]
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rhs = ent[A | B] + ent[A | C] + ent[B | C]
return lhs <= rhs + 1e-12

def check_witness():
# Perfectly correlated triple A = B = C = X, X a uniform bit.
ent = [0.0] * 8
for m in range(1, 8):

ent[m] = 1.0
ssa = ssa_holds(ent)
mmi = mmi_holds(ent)
assert ssa and not mmi
return ssa and not mmi

Listing 1: The inequality checks from entropy_inequalities.py: the functions that evaluate
strong subadditivity and monogamy on an entropy vector.

The finite-order experiment enumerates every partial order on at most four labeled points
and takes a census of the ladder rungs. The loop check of Theorem 6.3 and the interval check
are definitional on a finite ground set and are reported as such; the informative output is the
distinguishing census: only 33 of the 242 enumerated orders are distinguishing, and the antichain of
two points fails distinguishing while passing the interval check, as Theorem 6.4 states. The companion
Alexandroff experiment rebuilds each order from its up-set topology and verifies Theorem 9.4: the
closure of each singleton is its down-set, so the topology recovers the order.

def has_increasing_loop(le, n):
# Strictly increasing loop x0 < x1 < ... < x0 (real test).
strict = [[le[x][y] and x != y for y in range(n)] for x in range(n)]
for start in range(n):

stack = [(start, frozenset({start}))]
while stack:

node, seen = stack.pop()
for nxt in range(n):

if not strict[node][nxt]:
continue

if nxt == start:
return True

if nxt not in seen:
stack.append((nxt, seen | {nxt}))

return False

def is_distinguishing(le, n):
# Past- and future-distinguishing (Definition 2.3).
for x in range(n):

for y in range(n):
if x == y:

continue
px, fx = past_future(le, x, n)
py, fy = past_future(le, y, n)
if px == py or fx == fy:

return False
return True

Listing 2: The rung checks from causal_ladder_finite_posets.py: loop detection, the
distinguishing census, and the antichain witness.
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12 Limitations
Every proved result here classifies a narrow target rather than spacetime itself. The holonomy
classification [1] classifies holonomy groups and not spacetimes. The causal ladder [2] classifies
causality conditions and not geometries. Geometrization [3, 4] classifies closed 3-manifolds, and
Theorem 7.3 shows there is no algorithmic analogue in dimension four. The entropy cone theorem
Theorem 8.1 classifies entropy vectors produced by a proposal. No theorem in this paper classifies
Lorentzian spacetimes themselves up to isometry, and no such theorem is claimed.

The holographic material is a proposal in all of its parts. The Ryu-Takayanagi formula has exact
checks in special settings [10, 17] and a physics-level replica derivation for static bulk geometries
[18], and it is not a theorem. The HaPPY codes prove statements about toy models [12]. The
entanglement-connectedness statement is an argument [13]. Every result of this paper that touches
holography is stated conditionally on the prescription, and the conditionality is written where the
result is used.

The reconstruction theorems recover different objects. The causal theorem Theorem 9.1 recovers
a conformal class from an order. The entanglement-wedge theorem Theorem 9.5 recovers operators
inside a code subspace from boundary algebras. Neither recovers a metric from entanglement data,
and the distance between these results and a derivation of gravity from information is a research
program, not a step.

The Python experiments test finite instances of the propositions proved in Theorem 8.2, Theo-
rem 6.3, and Theorem 6.4; the Haskell instances type the objects of Theorem 2.8. The evidence
is reproducible from the files in the appendix and is not proof. Nothing in this volume has been
checked by a proof assistant, and the mechanization targets are recorded separately as targets. This
volume depends on the shared definitions and on the registered background results it cites. It does
not depend on any statement about the entropy cone for six or more regions, on the Ryu-Takayanagi
formula outside its stated settings, or on tensor-network toy models as evidence about gravity;
where a result needs those inputs, the conditional phrasing appears in the statement.

13 Conclusion
Spacetime admits classification exactly where its invariants are finite or parametric and reconstruction
exactly where probes determine a target up to a stated equivalence. Lorentzian holonomy groups
form a classified list with realizing metrics [1]. Causality conditions form a complete ladder [2].
Closed 3-manifolds form a finite table of eight geometries [3, 4], and closed 4-manifolds do not admit
algorithmic recognition [5]. The holographic entropy cone is a complete polyhedral calculation
for at most four regions [6], probed here by a witness showing that its two inequality families are
independent (Theorem 8.2).

Reconstruction has one proved classical form: the chronological order determines the topology and
the conformal class [8], and the conformal factor is exactly the undetermined freedom (Theorem 9.2).
It has one proved quantum-information form: bulk operators in an entanglement wedge are boundary-
representable in the code subspace [11]. Between them lies the conjecture that entanglement
determines geometry [10, 12, 13], presented here with its status on every appearance.

The negative results are part of the answer. The causal ladder rungs depend on their translation
to finite orders (Theorem 6.5), so a discrete quantum-gravity model that uses its rungs must state
its definitions and prove its own causality theorems. Monogamy of mutual information is not free
from strong subadditivity (Theorem 8.2), so from three regions on the entropy cone genuinely needs
both inequality families. Dimension four has no algorithmic classification (Theorem 7.3), so a
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classification chart of this kind has rows that end in impossibility results rather than in lists. Each
of these is a boundary, and each boundary narrows the targets a classification can honestly claim.

Four open problems delimit the next stage. The complete RT facet lists for six and more
boundary regions are unknown; five regions are settled [16], and for general n only one infinite
family of inequalities is known [6]. The invariants of Table 1 do not separate isometry classes
(Theorem 4.2), and which additional global invariants complete such a classification is open. The
conformal factor left undetermined by Theorem 9.2 is either physically irrelevant or recoverable
from additional probes, and the choice is not made by any theorem here. A determination theorem
for spacetime from entanglement data would need the three items of Theorem 10.4, and none is
established in the sources reviewed (cutoff 2026-10-29). The classification of Lorentzian spacetimes
up to isometry remains, as this paper has tried to make precise, exactly where its invariants stop.
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Table 8: Code evidence: claim, file, and the function or declaration that probes it. The audit of this
table is recorded with the paper’s verification artifacts.
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A Code evidence
The table records what each file in src/vol-08-spacetime-reconstruction/ demonstrates. The
claim column names the statement the code probes. No row claims proof by computation.
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