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Abstract
We develop the classification of gauge structures and quantum field theories within the CMRPS

program. The subject divides into two territories of unequal evidential standing. The established
territory contains the Killing–Cartan classification of semisimple Lie algebras, the highest-weight
classification of their finite-dimensional representations, the classification of principal G-bundles
by homotopy classes of maps into the classifying space BG, characteristic classes as pullbacks
of universal classes, and anomalies as cohomological obstructions that gate quantization. The
restricted territory contains functorial topological field theories under the Atiyah axioms and the
Doplicher–Roberts reconstruction of superselection sectors under the Haag–Kastler framework.
Beyond these islands the evidence is claimed rather than proved. The cobordism hypothesis
classifies extended topological field theories by fully dualizable objects, yet the 2009 writeup is
an informal proof sketch. The October 2026 four-dimensional quantum chromodynamics claim
stands at existence claimed with manuscript and formalization withheld and verification pending,
and the Yang–Mills mass gap remains open. We present the classification results with their
hypotheses and keep proved, claimed, and open statements apart throughout.

1 Introduction
Gauge theories and quantum field theories occupy the point in the CMRPS program where classifi-
cation is strongest on the geometric side and weakest on the analytic side. This volume takes the
classification problem for its subject: which gauge structures and which quantum field theories are
determined, up to a stated equivalence, by an explicit and computable invariant, and which are not.
The answer splits sharply. For principal bundles, semisimple Lie algebras, their finite-dimensional
representations, and the obstruction content of anomalies, complete classification theorems exist
and are proved in the standard literature. For functorial topological field theories in low dimensions
the position is similar. For extended topological field theories the classification is claimed on the
strength of a proof sketch. For four-dimensional interacting quantum field theories the position
is a claims register: one existence result is announced with its artifacts withheld, the mass gap is
open, and several lower-rung claims carry statuses ranging from journal-published-and-unverified to
withdrawn.

A mature classification of mathematical representations of physical systems must record, for
each domain, whether the invariant is complete and parameterized, complete but unparameterized,
complete as an obstruction, claimed with a proof gap, open, or impossible. This volume records
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those regimes for the gauge and quantum field theory domains and states each result at exactly the
strength the sources support. The split between proved and claimed is itself classification data, and
Table 1 is its record for this volume.

Gauge structures and topological field theories classify under three kinds of invariant. Homotopy
classes of classifying maps [X, BG] determine principal bundle topologies. Root diagrams and
dominant integral weights determine Lie symmetries and matter representations. Fully dualizable
objects name the extended topological field theories. Principal bundles with connection form the
differential-geometric substrate, and operator algebras and tensor categories parameterize localized
superselection sectors. In the terms of the series, the structural families in force are the principal-
bundle family and the topological and higher-categorical family, with the tensor-category family
wherever superselection sectors are in play.

The classification template of the finite simple groups is instructive in one respect and misleading
in another. It is instructive because it separates three achievements that are often conflated:
a parameterization by uniform data, an exhaustive list up to isomorphism, and a recognition
procedure driven by companion invariants. The finite simple groups have the list, lack the uniform
parameterization, and carry a practical recognition apparatus. This volume keeps the same
separation: the Dynkin diagram is a uniform parameterization, the homotopy-class description of
bundles is both a parameterization and a list, and the anomaly classes are a recognition test. The
template is misleading if it suggests that a gauge theory or a quantum field theory will be organized
by a finite set of families with finitely many exceptions. The classification data of this volume shows
instead that the topological and algebraic layers are tame and the analytic layer is open or claimed,
and no finite exception list is in evidence.

Throughout the series an announced result, a manuscript, a machine-checked formalization, an
independently verified proof, and an accepted theorem are five different things. The constructive
quantum field theory frontier of 2024 to 2026 is dense with announcements, and the ladder is what
keeps them from being absorbed into the proved core. An existence theorem for a four-dimensional
interacting theory would not settle the Yang–Mills mass gap problem, which requires existence
together with a positive mass gap. No withheld formalization may be described as machine-checked.

The mathematical classification of gauge and quantum field theories splits into an established
topological and algebraic core and an unverified analytic frontier. Complete classification invariants
characterize Lie symmetries, bundle topologies, two-dimensional topological field theories, and
localized superselection sectors: Dynkin diagrams, universal characteristic classes, Frobenius algebras,
and unitary tensor categories do this work. The classification of four-dimensional continuum field
theories, connection moduli spaces, and non-perturbative mass spectra remains conditional, claimed
without public proof artifacts, or open.

2 Mathematical framework
We work inside the series ontology. An object of the category Phys is recorded as a tuple P =
(X, O, D, S, C) carrying a state space, an observable collection, dynamical laws, symmetry and
constraint data, and composition rules. The schema is a candidate definition and not a settled one;
we use it as a filing system for the structures in this volume.

Definition 2.1 (Structural family IV). Family IV is the full subcategory of Phys whose systems
carry principal bundles and connections: a principal G-bundle P → X with structure group G, a
connection form ω with curvature Ω, and the gauge data that acts on the pair. Representative
systems are gauge theories. The established classification content of the family is the classification
of bundles by homotopy classes of maps into BG and the characteristic classes in H∗(BG).
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Definition 2.2 (Structural family VI). Family VI is the full subcategory of Phys whose systems
carry topological or higher-categorical structure: a symmetric monoidal functor from a cobordism
category to vector spaces, or an extended version landing in higher categories. Representative
systems are topological quantum field theories. The established content is the functorial theory
under the Atiyah axioms; the extended classification is claimed on the strength of the cobordism
hypothesis and carries a proof gap.

Definition 2.3 (Classification data for gauge systems). A gauge system is classified, up to iso-
morphism of principal bundles, by the homotopy class of a map f : X → BG; the characteristic
classes of the bundle are the pullbacks f∗(κ) of universal classes κ ∈ H∗(BG). For a semisimple
gauge algebra the Lie-theoretic datum is the Dynkin diagram, and for a finite-dimensional matter
representation the datum is a dominant integral weight.

Three equivalence notions must be kept apart. Mathematical equivalence is isomorphism of
the tuples in the ambient category of each component. Physical equivalence is the chosen relation
on objects of Phys; its correct choice is an open problem of the series. Observational equivalence
belongs to the empirical layer and is not under discussion here.

Definition 2.4 (Etingof–Gelaki constraint). Any equivalence used to identify systems must state
which layers of structure it preserves. Equivalences that forget the monoidal or symmetric layer
are provably insufficient to recover the group. The counterexample behind the constraint: there
exist non-isomorphic finite groups whose representation categories are equivalent as plain tensor
categories, while an equivalence of symmetric tensor categories does recover the group [14]. Every
duality and equivalence recorded in this volume names its preserved structure.

Two admissible constructions appear. The product construction sends a principal G-bundle
PG and a principal H-bundle PH over the same base to the principal (G × H)-bundle PG × PH ,
with connection the pair of connections. The quotient construction passes to the quotient of the
connection space by the gauge group, identifying fields that differ by gauge transformations. Each
use of a construction records the composition data it contributes.
Example 2.5 (A gauge theory as an object of Phys). A classical Yang–Mills system over a compact
oriented four-manifold X with gauge group G is recorded as follows. The state space component
XP is the space of connections on a fixed principal G-bundle P → X modulo the gauge group
G of vertical automorphisms. The observable component OP is the algebra of gauge-invariant
polynomial functions of the curvature, together with the Wilson loops on a fixed class of loops when
those are taken as the observable set. The dynamical component DP is the Yang–Mills functional
F 7→

∫
X |Fω|2 and its gradient flow or Hamiltonian formulation. The symmetry component SP is

the gauge group G acting on connections with the Gauss law constraint surface as the reduced
phase space. The composition component CP is the product of bundles and the coupling of matter
fields in representations of G. The tuple is an instance of the schema. The bundle is classified by
Theorem 4.1, and the gauge algebra and the matter representations by Theorems 3.1 and 3.2. The
dynamics, the state quotient, and the observable algebra lie outside those theorems.

We say a classification statement is complete for a domain when an invariant is named, the
classification theorem is proved, and the theorem’s hypotheses are stated in full. We say it is
complete as an obstruction when the classification content is itself the vanishing of obstruction
classes. We reserve claimed for statements supported by an announcement, a manuscript, or a proof
sketch without a complete proof on the public record, and open for problems with no resolution on
the record. These labels are used in prose only in their ordinary mathematical sense; the formal
claim ledger records the status of each statement.
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Table 1: Classifying invariants of the gauge and topological subdomains, with the equivalence each
classification is taken under and its regime.

Subdomain Classifying invariant Equivalence in force Regime

Semisimple gauge
algebras

Dynkin diagram Lie algebra isomorphism Complete and
parameterized

Real simple gauge
algebras

Satake diagram Lie algebra isomorphism Complete and
parameterized

Finite-dimensional
matter
representations

Dominant integral weight Representation
isomorphism

Complete and
parameterized

Principal bundles
over a paracompact
base

Homotopy class of X → BG Bundle isomorphism Complete and
parameterized

Characteristic classes Pullbacks of universal
classes in H∗(BG)

Natural in the base map Complete and
parameterized

Anomaly-free
configurations

Trivial determinant line and
vanishing BRST class

Gauge equivalence of
configurations

Complete as
obstruction

Two-dimensional
topological theories

Commutative Frobenius al-
gebra

Monoidal natural
isomorphism of functors

Complete and
parameterized

Sectors of nets under
Haag duality

Compact supergroup from
sector category

Symmetric monoidal
equivalence

Complete under
stated hypotheses

Extended topological
theories

Fully dualizable object Monoidal equivalence of
theories

Claimed with a proof
gap

Connections modulo
gauge

None known in general Gauge equivalence of
connections

Open in general

Four-dimensional
interacting theories

Balaban-program methods
as announced

Not established Claimed with
artifacts withheld

Four-dimensional
mass gap

None known Not applicable Open

3 Lie theory of gauge groups
The structure group of a gauge theory is a Lie group, and the first classification question is which
Lie groups may serve. The answer is complete on the algebra side.

Theorem 3.1 (Killing–Cartan classification). Complex semisimple Lie algebras are classified up to
isomorphism by Dynkin diagrams of types Ar, Br, Cr, Dr, G2, F4, E6, E7, E8 [20, 33]. Real simple
Lie algebras are classified by Satake diagrams; the real forms of a given complex simple algebra
g correspond to the conjugacy classes of involutive automorphisms of g, equivalently to conjugacy
classes of Cartan involutions. Connected Lie groups with Lie algebra g are classified by discrete
subgroups Z ′ of the center of the universal covering group G̃: each such group is a quotient G̃/Z ′.

Proof. The complex case is the classification of root systems up to isomorphism. A root system
spans a rational Euclidean space, and the integrality conditions force the Cartan integers ⟨αi, α∨

j ⟩ =
2(αi, αj)/(αj , αj) to lie in the list of Cartan matrices of finite type. Simplicity of the algebra
corresponds to connectedness of the diagram, and the Serre presentation recovers the isomorphism
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class from the diagram. For the real case Cartan’s theorem assigns to each real form its conjugacy
class of involutive automorphisms of the complex algebra, and the Satake diagram records the
induced diagram involution together with the split between compact and noncompact simple roots.
For the group statement, every connected Lie group with Lie algebra g is a quotient of the universal
covering group G̃ by a discrete subgroup of its center, and every such quotient is a connected Lie
group with algebra g.

The theorem classifies the gauge algebra; the simply connected group and its central quotients
then classify the connected gauge group. It does not classify the bundle, the connection, the
dynamics, or the matter content.

Theorem 3.2 (Highest-weight classification). Let g be a complex semisimple Lie algebra. Finite-
dimensional irreducible representations of g are in bijection with dominant integral weights; the
representation with highest weight λ exists and is unique up to isomorphism [20].

Proof. Uniqueness is the classification of a representation by its highest weight: the weight strings
of a finite-dimensional irreducible are determined by the action of the raising and lowering operators,
and the highest weight is annihilated by every raising operator and integral in the weight lattice.
Existence is the content of the Borel–Weil construction, or equivalently of the Verma module with
the maximal proper submodule quotiented out; the quotient is finite-dimensional exactly when the
highest weight is dominant integral. Irreducibility follows because every nonzero submodule contains
a highest weight vector, and the highest weight space of an irreducible is one-dimensional.

Together these two theorems give the complete Lie-theoretic layer of a gauge theory: the gauge
algebra by its Dynkin diagram, the real form by its Satake diagram, the connected gauge group
by central quotient data, and the finite-dimensional matter representations by dominant integral
weights. Example instantiations of the invariant record appear in the code evidence of Section 11.
Example 3.3 (The gauge algebra of quantum chromodynamics). Take g = su(3), the Lie algebra of
SU(3). Its Dynkin diagram is A2, two nodes joined by a single edge, and the Killing–Cartan theorem
records that no other complex simple algebra carries this diagram. The real form is compact, and
the corresponding real simple algebra is the compact su(3) itself; the split real form sl(3,R) is a
different real form of the same complex algebra and is distinguished by its Satake diagram. The
fundamental weights λ1 and λ2 label the defining representation 3 and its conjugate 3̄, and the
highest weight of the adjoint representation is λ1 + λ2, giving the octet 8. Quarks in the defining
representation, antiquarks in the conjugate, and gluons in the adjoint are therefore classified as
representations by the dominant integral weights of A2, and the matter content of the theory is a
list of weights. The classification stops there: the interaction, the renormalization, and the spectrum
of bound states are outside the highest-weight theorem.
Remark 3.4. The classification does not reach the dynamics of a gauge theory. Infinite-dimensional
representations of the gauge group, the spectrum of the covariant Laplacian on a bundle, the
Yang–Mills functional, and the quantum theory built from them are outside the scope of the
Killing–Cartan and highest-weight statements. A gauge theory is not classified by its gauge algebra
alone.
Remark 3.5 (Reductive groups and the center). A reductive gauge group is a central product of a
semisimple group with a torus, so the classification extends by adjoining the rank of the torus to the
Dynkin datum. The datum that distinguishes the global forms is the discrete central subgroup of
the universal cover, and it is not visible in the Dynkin diagram: SU(2) is the universal cover of SO(3)
and has center Z/2, while SO(3) has trivial center, and both share the diagram A1. The classification
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of gauge groups up to isomorphism therefore requires both the diagram and the quotient data of
Theorem 3.1, and the bundle classification records the difference, as Example 4.5 shows.

4 Bundles and characteristic classes
Let G be a Lie group and X a paracompact Hausdorff space. Write GBund(X) for the set of
isomorphism classes of principal G-bundles over X. Over a paracompact base every principal
G-bundle with Lie structure group is numerable, so no further restriction on the bundles is needed.

Theorem 4.1 (Classification by the classifying space). Let G be a Lie group and X a paracom-
pact Hausdorff space. The map that sends a principal G-bundle to its classifying map induces a
bijection [24, 10, 34]

GBund(X) ∼= [X, BG],

and the characteristic classes of a bundle are exactly the pullbacks along its classifying map of the
universal characteristic classes in H∗(BG) [25].

Proof. The Milnor infinite join construction builds a numerable universal bundle EG → BG for
any topological group G [24]. The universal property states that a principal G-bundle P → X is
classified by a map f : X → BG, with P ∼= f∗(EG), exactly when P is numerable; two classifying
maps for the same bundle are homotopic, and homotopic maps have isomorphic pullbacks [10, 34].
Over a paracompact base every principal G-bundle with Lie structure group is numerable, so the
universal property applies to every bundle of GBund(X) and the map is a bijection. For the second
statement, a universal characteristic class is a cohomology class κ ∈ H∗(BG), and the characteristic
class of a bundle with classifying map f is defined as f∗(κ). The definition is stable under bundle
isomorphism, and every natural characteristic class arises this way, since a natural transformation
on homotopy classes is determined by its value on the universal bundle [25].

The theorem is the complete classification of principal bundles. Two consequences follow.

Proposition 4.2 (Bundles over spheres). Let G be a connected Lie group and n ≥ 1. Isomorphism
classes of principal G-bundles over Sn are in bijection with πn−1(G).

Proof. By Theorem 4.1 the classes form [Sn, BG] = πn(BG), since BG is connected. The fibration
G → EG → BG with contractible total space has long exact homotopy sequence

· · · → πn(EG) → πn(BG) → πn−1(G) → πn−1(EG) → · · · ,

and both homotopy groups of EG vanish, so πn(BG) ∼= πn−1(G).

Example 4.3 (Line bundles over the sphere). For G = U(1) and n = 2, Proposition 4.2 gives
π1(U(1)) ∼= Z, and the isomorphism class is detected by the first Chern class c1 ∈ H2(S2;Z). Every
complex line bundle over S2 is a power of the Hopf bundle, and the classification is complete and
parameterized by an integer.
Example 4.4 (Instantons over the four-sphere). For G = SU(2) and n = 4, Proposition 4.2 gives
π3(SU(2)) ∼= Z, and the integer is the instanton number, computed as the second Chern class of
the associated complex vector bundle. For n = 2 and n = 3 the groups π1(SU(2)) and π2(SU(2))
vanish, so every principal SU(2)-bundle over S2 or S3 is trivial. The nontrivial topology appears
only in the dimension where the third homotopy group of the gauge group is nontrivial.
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Example 4.5 (Global forms and the second Stiefel–Whitney class). The choice of global form of
the gauge group changes the bundle classification. For G = SO(3) the first homotopy group is
π1(SO(3)) ∼= Z/2, so Proposition 4.2 gives two isomorphism classes of principal SO(3)-bundles
over S2, detected by the second Stiefel–Whitney class w2. The nontrivial class is the bundle of
tangent 2-planes, and it admits no lift to a principal SU(2)-bundle, since π1(SU(2)) = 0 forces every
SU(2)-bundle over S2 to be trivial. Matter fields in a spinorial representation therefore distinguish
the global form SU(2) from SO(3), and the classification of bundles records that distinction as a
cohomology class rather than as a property of the Lie algebra.
Remark 4.6 (Local models carry no classification content). Principal bundles carry only global
topological invariants. Locally every principal bundle is trivial, so no local invariant of a bundle
exists; the invariants are homotopy-theoretic and cohomological. This is the same phenomenon that
Darboux’s theorem displays in symplectic geometry, and it marks the contrast with Riemannian
geometry, where curvature supplies local invariants.

Connections on a classified bundle add analytic data. The Chern–Weil homomorphism assigns to
an invariant polynomial on the Lie algebra the cohomology class of its evaluation on the curvature
of any connection, and the class is independent of the connection. In the case G = U(1) the class
[Ω/2π] of the curvature two-form is the first Chern class of the line bundle, so the connection refines,
but does not extend, the classification. The classification theorem for bundles is unaffected by
connection data. Connections are classified only modulo gauge in restricted settings, and we record
no general classification theorem for connections.

Definition 4.7 (Gauge equivalence of connections). Two connections ω1 and ω2 on a principal
G-bundle P → X are gauge equivalent when a bundle automorphism g : P → P over the identity of
X satisfies g∗ω2 = ω1. The moduli space of connections on a fixed bundle is the quotient of the affine
space of connections by this gauge action. Its singularities are the reducible connections, whose
stabilizer is larger than the center of G, and those points obstruct a smooth quotient description.

No classification of the moduli space of connections is on the record. The bundle classification
delivers its topological stratification: each bundle isomorphism class carries its own moduli space of
connections, and the Chern–Weil map sends each to the same characteristic classes. The instanton
number of Example 4.4 is constant on the connected components of a moduli space, so the topological
classification is the first invariant of the analytic one.

Proposition 4.8 (Characteristic classes of the classical groups). For G = U(n) the classifying
cohomology H∗(BU(n);Z) is a polynomial ring on the Chern classes c1, . . . , cn. For G = SO(2k +
1) the rational cohomology H∗(BSO(2k + 1);Q) is a polynomial ring on the Pontryagin classes
p1, . . . , pk. For G = SO(2k) the rational cohomology H∗(BSO(2k);Q) is the free polynomial ring
Q[p1, . . . , pk−1, e]; the top Pontryagin class is the element pk = e2 and is not an independent
generator. For G = SU(n) the class c1 vanishes and H∗(BSU(n);Z) is a polynomial ring on
c2, . . . , cn.

Proof. Each statement is the computation of the cohomology of the classifying space for the given
group. For the unitary group one pulls back the tautological bundle over the Grassmannian, splits it
formally into Chern roots, and reads off the elementary symmetric polynomials; the splitting principle
shows that the Chern classes generate the ring. For the special unitary group the determinant line
is trivial, which sets c1 to zero and leaves the remaining classes free. For the special orthogonal
group the Pontryagin classes are the Chern classes of the complexification, the rational statement
drops the torsion, and in even rank the top Pontryagin class equals the square of the Euler class, so
e replaces pk among the generators.
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The proposition gives the universal class ring whose pullbacks classify bundles in each classical
case. The table of sphere bundles in Example 4.3 and Example 4.4 is the shadow of these rings on
low-dimensional bases.

5 Anomalies as obstructions
An anomaly is the failure of a classical gauge symmetry to survive quantization. Its mathematical
signature is the nontriviality of a line or of a cohomology class, and its classification content is the
vanishing test for those classes.

Definition 5.1 (Fermionic anomaly). Let M be a compact spin manifold, P → M a principal
G-bundle with G a compact Lie group, A the space of connections on P , and G the gauge group
acting on A. The determinant line of a family of Dirac operators assigns to each connection A the
determinant line of DA, and these lines assemble into a complex line bundle λdet over the gauge orbit
space A/G, or over A when the family is lifted [32, 2]. The fermionic anomaly is the obstruction
to trivializing λdet, or its Pfaffian square root in the Majorana case. The theory is consistent only
where the line bundle is trivializable.

Definition 5.2 (BV-BRST gauge anomaly). Let n be the spacetime dimension. The BV-BRST
gauge anomaly is the obstruction class in the local BRST cohomology H1,n(s | d): the cohomology
of the BRST differential s on local functionals of the fields and ghosts, modulo total spacetime
derivatives d, at ghost number one and form degree n. The class satisfies the Wess–Zumino
consistency condition [36, 5]. The Chevalley–Eilenberg complex CE(g) of the gauge algebra computes
the zero-form part of the BRST double complex: H1(CE(g)) classifies the abelian quotients of g,
and H2(CE(g)) its central extensions.

Proposition 5.3 (Quantization gate). A gauge theory admits a consistent quantization only where
the determinant line λdet of the Dirac family is trivializable and its anomaly cocycle [a] vanishes in
the local BRST cohomology H1,n(s | d). The group H1,n(s | d) is the space of candidate anomalies
of the theory; the specific cocycle [a] is the anomaly of the theory at hand. These two vanishing
conditions are the classification content of the anomaly: the obstruction classes are natural in the
gauge configuration and classify the inconsistent directions.

Proof. If the determinant line of the family is nontrivial, the path integral measure is a section of
a nontrivial line bundle rather than a measure, and gauge transformations multiply the partition
function by a nontrivial phase; gauge invariance of the measure fails exactly then. The measure exists
exactly when λdet is trivializable. The BRST anomaly class is the obstruction to the nilpotency
of the quantized BRST charge: the classical BRST differential satisfies s2 = 0, and the quantum
deformation fails to be nilpotent exactly when the anomaly cocycle [a] is nonzero in H1,n(s | d).
The Wess–Zumino consistency condition is the integrability condition for this class and holds by
construction [5]. Both constructions are functorial in the gauge configuration, so the obstruction
classes are natural and the vanishing test is a classification of the inconsistent directions.

The anomaly statement is the model of a complete obstruction classification: the classification
content of the theory is the vanishing of the obstruction. No list of consistent theories is asserted; what
is asserted is a necessary and sufficient condition for consistency. Anomaly cancellation conditions
then become computable inputs to the classification of matter content: a matter representation
contributes to the anomaly classes, and only the representations whose contributions cancel are
admissible.
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Example 5.4 (Algebraic obstruction data of a gauge algebra). Take the gauge algebra to be the two-
dimensional non-abelian algebra with basis e1, e2 and bracket [e1, e2] = e2. The Chevalley–Eilenberg
differential on the dual basis e1, e2 is de1 = 0 and de2 = −e1 ∧ e2. The class of e1 in H1(CE(g)) is
closed and not exact, so H1 is nonzero and the algebra has a nontrivial abelian quotient; H2 vanishes
because d maps the span of e2 onto the whole of Λ2. This computation is the algebraic shadow
of Definition 5.2: the full field-theory anomaly of a gauge theory over a spacetime is computed in
the local cohomology H1,n(s | d), and the Chevalley–Eilenberg classes record the abelian-quotient
and central-extension data of the gauge algebra alone. The computation is reproduced by the
Chevalley–Eilenberg experiment of Section 11.

Two limitations bound this obstruction statement. The cohomological statement classifies the
obstruction and does not by itself construct the quantized theory in the cases where the obstructions
vanish. A global anomaly may also remain after the local obstruction classes vanish; the analysis
above is the local layer, and the full classification of global anomalies is a further problem on our
open list.

Proposition 5.5 (Anomaly cancellation as a linear condition). Fix a compact simple gauge group G
and let the matter content be a finite list of finite-dimensional irreducible representations R1, . . . , Rk

with highest weights λ1, . . . , λk. The contribution of each representation to a fixed anomaly class is
additive, so there is a homomorphism of abelian groups

α : R(G) −→ A,

from the representation ring of G to the coefficient group A of the anomaly in question, and the
anomaly-free matter lists form ker α. For the four-dimensional perturbative gauge anomaly A = Z
and α(R) is the anomaly coefficient of R; for global anomalies A is the relevant cobordism group of
G. The admissible matter lists are cut out by linear conditions on the weight data, computable from
Theorem 3.2 and Proposition 5.3 together.

Proof. The anomaly classes of a direct sum of representations add, since the determinant line of
a direct sum is the tensor product of the determinant lines and the BRST differential is linear in
the representation data. The assignment α is therefore a homomorphism of abelian groups, and its
kernel is the set of virtual representations whose anomaly vanishes. The physical condition restricts
to actual representations, so the admissible lists are the nonnegative elements of ker α in the basis
of irreducibles. The highest-weight theorem supplies the basis, and the anomaly computation of
Proposition 5.3 supplies α.

The proposition turns the anomaly condition into a classification problem for matter content: once
the gauge algebra is fixed by its Dynkin diagram, the admissible representations are a computable
submonoid of the representation ring. Whether that submonoid is finite or infinite depends on the
group and on the anomaly in question, and we record no general finiteness statement.

6 Functorial and extended topological field theory
The Atiyah axioms package a d-dimensional topological quantum field theory as a symmetric
monoidal functor Z from the cobordism category Cobd to vector spaces: a closed (d − 1)-manifold
Σ maps to a vector space Z(Σ), a cobordism M : Σ1 → Σ2 maps to a linear map Z(M) : Z(Σ1) →
Z(Σ2), composition is preserved, disjoint union is tensor product, and the empty manifold maps
to the unit field. The axioms make the topological case tractable in contrast to the general
non-topological case, where no comparable functorial formulation is available.
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Theorem 6.1 (Two-dimensional topological field theories). The category of two-dimensional Atiyah
topological quantum field theories with values in vector spaces is equivalent to the category of
commutative Frobenius algebras [1].

Proof. Given a theory Z, the circle maps to the algebra A = Z(S1), the pair of pants with two
incoming circles and one outgoing circle gives multiplication m : A ⊗ A → A, the reversed pair of
pants gives comultiplication ∆ : A → A ⊗ A, the disc with one outgoing circle gives the counit,
and the reversed disc gives the unit. The Atiyah gluing axioms say precisely that m is associative
and unital and that ∆ is coassociative and counital. The Frobenius condition is that ∆ is a
homomorphism of A-bimodules:

∆ ◦ m = (m ⊗ idA) ◦ (idA ⊗ ∆) = (idA ⊗ m) ◦ (∆ ⊗ idA),

as maps A ⊗ A → A ⊗ A; it is the statement that a cylinder cut along a circle decomposes in either
order. Commutativity of m is the invariance of the pair of pants under rotation of its incoming
boundary. The Euler element e = m(∆(1)) ∈ A is the state assigned to the punctured torus, and the
closed genus-one surface evaluates to the scalar Z(Σ1) = ε(e). Conversely a commutative Frobenius
algebra A extends to a functor on two-dimensional cobordisms by cutting each surface along circles
into elementary pieces, mapping each piece to the corresponding tensor built from m, ∆, the unit,
and the counit; the cutting invariance follows from the Frobenius identity, so the value of Z(M)
is independent of the chosen decomposition. Both constructions are inverse to each other up to
natural isomorphism.

The theorem is a complete and parameterized classification of two-dimensional functorial theories,
and it illustrates the general pattern of this volume: classification succeeds precisely where the
physics is topological, because the topological invariance reduces the object to finite-dimensional
algebra. Higher-dimensional functorial theories admit analogous invariants built from dualizability
data, and we state no classification theorem for them here.

The Frobenius algebra computes every invariant of the theory. The cylinder gives the identity
map, the pair of pants gives multiplication, the disc gives unit and counit, and a closed oriented
surface of genus g evaluates to the g-th power of the Euler element e = m ◦ ∆(1) composed with the
counit, so the partition function of the theory is determined by one element of the algebra. Cutting
a surface along any circle and reassembling gives the same value, and that cutting independence is
the Frobenius identity. The classification is therefore effective: write down a commutative Frobenius
algebra, and every observable of the two-dimensional theory is computed from its structure constants.

The extended version asks for a symmetric monoidal higher functor on the fully extended
cobordism category, assigning data not only to closed manifolds and cobordisms but to corners and
deeper strata. The Baez–Dolan cobordism hypothesis proposes the classification.
Conjecture 6.2 (Cobordism hypothesis). The n-dimensional extended unitary topological quantum
field theories valued in a symmetric monoidal (∞, n)-category are classified by fully dualizable
objects of the target with an O(n)-action. A fully extended theory is a symmetric monoidal n-functor
out of the free stable weak n-category with duals on a point [3, 23].

The status of this statement is a claim with a proof gap. The 1995 paper states the hypothesis;
the 2009 work describes itself as an informal sketch of a proof, and the range of cases in which
the classification is complete is not settled on the public record. We therefore record the extended
classification as claimed rather than proved, and no result in this volume depends on it as a theorem.
Low-dimensional cases are the subject of later work; resolving which of those cases carry complete
proofs is an open item.
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Remark 6.3 (What topological classification does not give). A topological quantum field theory is a
functorial invariant of manifolds up to cobordism, not a quantum field theory on a fixed spacetime
with local degrees of freedom. The classification results in this section say nothing about Yang–Mills
theory, quantum chromodynamics, or any theory with a metric and a renormalization problem. The
line between the topological and the local is the line between classification and the claims register.

7 Algebraic quantum field theory and superselection
The algebraic framework postulates the observables of a quantum field theory as a local net: an
assignment of a C∗-algebra A(O) to each open region O of spacetime, with isotony for nested
regions, graded commutation for spacelike separated regions, covariance under the Poincaré group,
a spectrum condition, and the existence of a vacuum. The axiom list has evolved and remains under
discussion, so the framework is conditional on the axiom set in force.

Definition 7.1 (Local net). A local net on Minkowski spacetime assigns to each double cone O a
unital C∗-algebra A(O) such that isotony holds for inclusions O1 ⊂ O2, graded locality holds for
spacelike separation, the Poincaré group acts by automorphisms covariantly, the spectrum of the
generator of time translations is contained in the closed forward cone, and a vacuum state exists [19].
A representation of the net is a representation of the quasilocal algebra A that is generated by the
local algebras.

Definition 7.2 (DHR criterion). A representation π of a local net satisfies the DHR criterion when
its restriction to the algebra of the causal complement of every bounded region is equivalent to the
vacuum representation [11]. Two such representations are equivalent when a unitary intertwiner
exists.

The reconstruction theorem holds in Minkowski spacetime of dimension at least 2 + 1, where the
causal complement of a double cone is connected and locality supplies the permutation symmetry of
localized endomorphisms. In spacetime dimension 1 + 1 the causal complement of a double cone is
disconnected, the braid group replaces the permutation group, and the sector category is braided
rather than symmetric; the compact group of Theorem 7.3 is then replaced by quantum-group data.

The DHR selection criterion isolates the representations that arise from local degrees of freedom.
Under the additional hypothesis of Haag duality the selected representations correspond to localized
transportable endomorphisms of the observable net, and the sectors form a tensor category under
composition of endomorphisms.

Theorem 7.3 (Doplicher–Roberts reconstruction). Let C be a symmetric tensor C∗-category with
conjugates, direct sums, subobjects, and End(1) = C. Then C is equivalent to the category of
finite-dimensional unitary representations of a compact group G equipped with a distinguished central
element k of order at most two, k2 = e, whose adjoint action implements the Z/2 grading of the
statistics; in the graded language this data is a compact supergroup. The pair (G, k) is unique up
to isomorphism [12, 11]. Applied to the DHR category of a local net satisfying Haag duality, the
theorem reconstructs a compact gauge group from the superselection sectors.

Proof. The proof has three stages. The existence of conjugates and subobjects gives the category the
structure of a rigid C∗-tensor category; the symmetric structure supplies a dimension function and
the categorical traces that make the abstract notion of dimension well-defined. The reconstruction
of the group proceeds by taking the endomorphisms of the forgetful functor on the representation
category and recovering G as the group of natural automorphisms of the identity on the completed
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category; the C∗-structure identifies the completed category with the unitary representations of
the compact group. Uniqueness follows because a compact group is determined up to isomorphism
by its finite-dimensional unitary representation category together with the symmetric monoidal
structure.

The hypotheses travel with the theorem. Dropping the symmetric structure invalidates the
recovery: there exist non-isomorphic finite groups with equivalent representation categories as plain
tensor categories [14], so any equivalence that forgets the symmetric layer cannot recover the group,
and any classification built on such an equivalence is false. Braided variants require additional data;
in the braided Galois setting the fixed-point-net representation categories need extra soliton data
beyond the braiding [26].

Deligne’s theorem supplies the abstract classification of the symmetric tensor categories that the
reconstruction produces.

Theorem 7.4 (Deligne’s theorem). An abelian, k-linear, rigid symmetric monoidal category over
an algebraically closed field of characteristic zero, with End(1) = k and subexponential growth, is
equivalent to the category of representations of an affine supergroup scheme [9].

Proof. The proof exhibits a fiber functor by a Tannakian argument: the subexponential growth
condition bounds the dimensions of simple objects, the symmetric structure gives the braiding
needed for a faithful tensor functor to super vector spaces, and the resulting fiber functor presents
the category as representations of its automorphism group scheme. The supergrading arises from
the possible nontriviality of the symmetry on odd parts.

The reconstruction results classify the sector categories of nets that satisfy the hypotheses.
Three frontier directions are on the record and none of them is settled. The first generalizes the
DHR analysis to higher-form symmetries and notes that an extra factor of order two is not ruled
out and would not be realizable by Lagrangian gauge models [7]; this is a single-source claim and
we record it without weight. The second constructs a global quantum gauge group through a
braided Doplicher–Roberts program [31]; it is work in progress at the preprint stage. The third is
the soliton-data warning already cited [26], which is proved and shows that fixed-point-net sector
categories need data beyond the braiding.
Remark 7.5 (Long-range forces). The DHR criterion selects representations whose deviations from
the vacuum are localized. Electromagnetism has long-range fields and its charged representations
violate the strict localization hypothesis, so the DHR analysis as stated does not cover quantum
electrodynamics without modification. The classification of sectors is therefore a classification within
a restricted hypothesis class, not of all quantum field theories.

8 Reconstruction and classification
The Doplicher–Roberts theorem is a reconstruction theorem: it recovers a group from the probe data
of its representation category. A second line of reconstruction results runs through commutative
and topological probes, and comparing the two clarifies what the gauge classification of this volume
does and does not achieve.

Theorem 8.1 (Reconstruction from commutative probes). The Gelfand–Naimark theorem embeds
every C∗-algebra in an algebra of operators on a Hilbert space, and for commutative C∗-algebras the
Gelfand transform is an isomorphism onto the continuous functions on the Gelfand spectrum [17].
Stone duality is the Boolean analogue: a Boolean algebra is recovered from its space of ultrafilters [35].
In each case the object is determined by its commutative or Boolean probe data.
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Proof. The Gelfand transform sends an element of a commutative unital C∗-algebra to the function
on the maximal ideal space given by evaluation; the spectral radius formula gives continuity,
multiplicativity is immediate, and the C∗-identity supplies the isometry property that makes
the transform injective and surjective onto C0(Ω). The noncommutative embedding is the GNS
construction applied to a separating family of states. Stone’s theorem is the categorical equivalence
between Boolean algebras and the totally disconnected compact Hausdorff spaces, with ultrafilter
spaces as the spectrum functor.

Reconstruction and classification answer different questions. A classification theorem names an
invariant whose value determines the object up to a stated equivalence, and its output is a parameter
space. A reconstruction theorem recovers the object from a class of probes, and its output is a functor
that rebuilds the object. Theorem 8.1 rebuilds an algebra from its commutative probes, Theorem 7.3
rebuilds a gauge group from its representation-category probes, and Theorem 4.1 classifies bundles
by homotopy-class data without rebuilding them. The gauge group recovered by Doplicher–Roberts
is the global form data of Example 4.5, which the local algebra of observables cannot see; the
reconstruction is therefore genuinely recovering structure rather than reparameterizing it.

The pattern matters for the series program because reconstruction is better developed than
classification in several domains. Where a classification is open, a reconstruction result may still
recover the object from probes, and where a reconstruction exists, the recovered data becomes a
candidate classifying invariant. We record both kinds of result for the gauge and topological domains
and mark the boundary between them: bundles are classified, gauge groups are reconstructed from
sectors, and the analytic moduli spaces of connections are neither.

9 Invariant records for gauge theories
The series records the structural invariant record of a theory T as a five-tuple

I(T ) = (ST , OT , DT , GT , RT ),

describing states, observables, dynamics, symmetries, and representations. Instantiating the record
for the gauge and topological theories of this volume shows exactly which components the classifica-
tion results reach.

For a Yang–Mills system on a four-manifold with gauge group G, the state component ST is the
moduli space of connections modulo gauge, classified only in its topological stratification by the
bundle data. The observable component OT is generated by Wilson loops and curvature polynomials,
with no classification theorem in this volume. The dynamics component DT is the Yang–Mills
functional, outside all our theorems. The symmetry component GT is the gauge group together with
its global form, classified by Theorem 3.1 and Example 4.5. The representation component RT is
the matter content, classified by Theorem 3.2 and constrained by Proposition 5.5.

For a two-dimensional topological theory the record is sharper. The state component is the vector
space assigned to the circle, the observable component is the Frobenius algebra of Theorem 6.1,
the dynamics is empty because the theory has no local degrees of freedom, the symmetry is the
mapping-class action on the assigned spaces, and the representations are the modules over the
Frobenius algebra. All five components are determined by the commutative Frobenius algebra,
which is why the classification is complete in this case.

For a local net satisfying the DHR hypotheses, the representation component RT is the sector
category, classified by Theorem 7.3 up to symmetric monoidal equivalence, and the symmetry com-
ponent GT is recovered from it by reconstruction. The state, observable, and dynamics components
are those of the net itself and are not classified here.
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The classification results of this volume cover the symmetry and representation components of
the gauge record and all components of the topological record. The analytic components are open,
and the constructive quantum field theory claims of Section 10 are attempts to reach them that
have not yet arrived.

10 Claims in constructive quantum field theory
The claim ladder separates an announced result, a manuscript, a machine-checked formalization, an
independently verified proof, and an accepted theorem; a result moves up the ladder only by an
artifact that can be checked, and each row of the register below keeps its current rung. Table 2
collects rigorous results in restricted regimes and the official problem status. Table 3 collects claims
that lack public proof artifacts.

Table 2: Rigorous results in restricted regimes and the official problem status, as of 29 October
2026. Each row is proved or official within its stated scope.

Entry Content Status on the record

Clay problem status A positive mass gap for four-dimensional
Yang–Mills theory

Open. The Clay Mathematics
Institute lists the problem as
unsolved and records that no
proof of the property is
known [8]

Nissim lattice
theorem

Mass gap, unique infinite-volume limit, and
large-N limit for U(N) lattice Yang–Mills in
the ’t Hooft regime [28]

Rigorous theorem restricted to
its regime. It does not address
continuum four-dimensional
existence or the continuum mass
gap

Cao–Nissim–Sheffield
lattice theorem

Wilson area law in the ’t Hooft regime by the
dynamical approach [6]

Rigorous theorem restricted to
its regime, with the same
limitation

Faria da
Veiga–O’Carroll
lattice analysis

Charge-conjugation decomposition, Elitzur
theorem, and mass-term analysis for lattice
SU(N) in four dimensions [16]

Rigorous results on the lattice
model. They do not close the
continuum limit

Douglas survey Pre-claim survey of the rigorous status: renor-
malization has never been made rigorous in
the needed generality, and no clear path to the
mass gap is known [13]

Published assessment, January
2026

The OpenAI claim carries the strongest external attention and the weakest public evidence.
Its status string, binding on every mention of the work, is: existence claimed; manuscript and
formalization withheld; verification pending [29, 22]. Nothing withheld from the public record can
be machine-checked. The release of the artifacts is a tracked event; until then the entry belongs to
the claims register and not among theorems.

The mass-gap row is the hard constraint. The Clay problem requires existence and a positive
mass gap together [8]. An existence theorem alone does not settle it, so the two entries are never
merged. The pre-claim survey of the field, published in January 2026 [13], records that rigorous
renormalization has never been made rigorous in the needed generality and that no clear path to the
mass gap is known; the October 2026 announcement postdates that survey, challenges its pessimism
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Table 3: Claims without public proof artifacts, as of 29 October 2026. None of these rows is a
theorem of this volume or of the public record.

Claim Content Status on the record

OpenAI existence
claim

Rigorous existence of quantum chromodynamics,
a simplest grand unified completion, and pure
Yang–Mills theory as a subproblem, by Balaban-
program methods [29, 22]

Existence claimed. Manuscript
and formalization withheld.
Verification pending before a
committee chaired by Gross
with Douglas, Jaffe, Klebanov,
and Nekrasov

Faizal–Shabir
construction

Reflection-positive four-dimensional SU(N)
Yang–Mills theory with mass gap, confinement,
and Osterwalder–Schrader reconstruction [15]

Journal-published and
unverified. Not treated as
solving the Clay problem

Jacobsen preprint Existence and mass gap by a five-dimensional
orbifold regulator [21]

Withdrawn by arXiv
administrators for quality
standards. Carries no status

Nair outline Three-dimensional mass-gap proof outline by a
Laplacian eigenvalue inequality [27]

Eleven-page preprint outline in
three dimensions. No status
assigned

on the existence side, and confirms its assessment on the mass-gap side.
The remaining rows fix the other rungs. A journal-published claim that the community has not

verified stays at its rung. A withdrawn preprint leaves the ladder. An outline without proof carries
no status. The lattice rows of Table 2 are rigorous within their regimes and say nothing about the
continuum limits the classification needs.

The program these claims enter has foundations older than the claims. The Osterwalder–Schrader
axioms fix the passage from Euclidean correlation functions to a Minkowski theory [30]. The
renormalization-group program for lattice gauge theories that the existence claims invoke descends
from Balaban’s multiscale cluster expansions [4]. Glimm and Jaffe’s text is the standard reference
for constructive field theory [18]. The register above is the current frontier of that program, and the
classification question is which of its eventual members the invariants of the proved core will reach.

If the OpenAI claim is validated, the admissible set of four-dimensional interacting theories will
contain at least one rigorous member, and the classification will record where it sits relative to
the known families. Until the artifacts are released, no result of this volume depends on the claim.
Classifying the structures that are already proved does not wait on the verdict.

A validated existence claim would establish less than it might appear. It would show that a
four-dimensional interacting quantum field theory can be constructed with the stated properties,
and it would settle the existence half of the Clay problem. It would not give a mass gap, it would
not classify the set of such theories, and it would not place the constructed theory inside the
classification of gauge structures of Sections 3 to 5 without further work on its gauge group, its
bundle data, and its matter representations. The classification program would then face a concrete
object in the claimed regime and the question of which invariants reach it. That is the practical
shape of the boundary between the proved core and the claims register.
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11 Computational experiments
A companion script computes the Chevalley–Eilenberg cohomology of the two small gauge algebras of
Example 5.4 exactly over the rationals and reports the algebraic obstruction data. The non-abelian
case displays the nonzero first class that records its nontrivial abelian quotient, and the semisimple
case displays the vanishing consistent with the absence of abelian quotients. The field-theory
anomaly of Definition 5.2 lives in the local BRST cohomology and is not computed here.

Three further scripts accompany the volume as worked illustrations rather than evidence. One
records the sphere-bundle classification values of Proposition 4.2 for five gauge groups and four
base dimensions. One evaluates the gluing identities of Theorem 6.1 on the group algebra of Z/2
with a degenerate-counit negative control. One enumerates the finite-type Dynkin diagrams up to
rank eight by testing positive definiteness of Cartan matrices over all arrow assignments of every
tree. Each illustrates the tables and arguments of the sections above; none of them is claimed as
evidentiary support.

The code evidence appendix maps each finite-instance check to its file and function.

Table 4: Code evidence for Section 11. The row is the check the accompanying code demonstrates
as stated.

Finite-instance check File and function Statement
illustrated

The Chevalley–Eilenberg classes of Example 5.4
compute as stated

anomaly_cohomology.py,
function ce_obstruction_pair

Example 5.4

12 Open problems
Six problems bound the classification in this volume and each is stated at the strength the record
supports.

The proof status of the extended topological field theory classification is the first. The cobordism
hypothesis is stated and the 2009 writeup is an informal sketch; which cases of the classification
carry complete proofs, and in which dimensions, is not settled on the public record. Low-dimensional
cases are the subject of later work, and resolving which of them are complete is the open item that
would move the extended classification from claimed to proved.

The anomaly classification has its own gap. The local and algebraic obstruction classes are
computed, and the global anomaly question has a partial theory, but the general cobordism-spectrum
statement that would classify all anomalies uniformly is not on the record in a form we can verify.
A primary source is needed before any statement of that classification may be used.

The constructive quantum field theory claims have a tracked event. The release of the withheld
manuscript and the claimed formalization behind the October 2026 existence announcement would
move that row of Table 3 from withheld to publicly checkable, and a committee verdict would move
it further. Until the release, no result of this volume depends on it. The competing journal-published
construction of a four-dimensional Yang–Mills theory with a mass gap carries a second question:
where its continuum limit is closed and where it is assumed. An audit of that construction is the
sharpest available test of the mass-gap claim, and the audit has not been done.

The algebraic framework has an open foundation. The Haag–Kastler axiom list is under
discussion, and the sector classification of Section 7 is conditional on the axiom set in force and
on Haag duality. Whether the Doplicher–Roberts uniqueness statement survives the relaxation of
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those hypotheses is open; the braided setting already shows that extra data can appear.
A single-source frontier claim needs verification. The possible extra factor of order two in the

sector data of higher-form symmetric theories is noted in one preprint, and the classification of
higher-form sectors would change if the possibility is realized. We record it and do not build on it.

The classification of connections modulo gauge is open outside restricted cases. The bundle is
classified, the gauge algebra is classified, and the matter representations are classified; the moduli
space of connections carries the analytic theory and no classification theorem in the sense of this
volume reaches it. A classification restricted to flat connections, or to self-dual connections in
dimension four, is the natural next restricted-class result.

13 Limitations
This volume classifies structures, not physical theories in full. Four limitations bound the conclusions.

The classification of principal bundles is classification of the bundle. Connections are classified
only modulo gauge in restricted settings, and no general classification theorem for connections is
recorded. The dynamics of a gauge theory, the quantum state space, and the observable algebra are
outside the classification results of Sections 3 and 4.

The superselection analysis is restricted to nets satisfying the DHR criterion and Haag duality.
Long-range forces such as electromagnetism fall outside the criterion as stated, and the Haag–Kastler
axiom list itself is under discussion. The Doplicher–Roberts theorem reconstructs a gauge group
from the sectors of a net that satisfies its hypotheses; it does not classify nets.

The extended topological field theory classification is claimed and not proved, so no conclusion
of this volume may rest on it. The four-dimensional constructive claims are registered at their rungs
and are not used as premises. The Clay mass gap problem is open and is recorded as open.

The computational experiments are evidence. They reproduce known classification tables and
test obstruction conditions on small examples, and they do not establish any theorem. The phrase
used elsewhere in the series applies here as well: executable models validated against specifications,
never machine-checked proofs.

A further limitation is inherited from the series. The choice of physical equivalence is not
settled, so every classification statement here is classification up to an explicitly named equivalence:
isomorphism of principal bundles, isomorphism of Lie algebras, equivalence of categories preserving
the symmetric monoidal structure, or unitary equivalence of representations. Statements that
would require a stronger or weaker equivalence are marked by the structure they preserve. The
Etingof–Gelaki constraint is the standing warning: an equivalence that forgets the symmetric
monoidal layer cannot recover the group, so no classification record in this volume identifies systems
by an equivalence without naming the layers it keeps.

14 Conclusion
Rigorous classification of gauge and quantum field theories succeeds where topological or algebraic
data decouple from continuum dynamics. The Killing–Cartan root diagrams parameterize complex
semisimple Lie algebras. Dominant integral weights classify the finite-dimensional irreducible
representations. Homotopy classes [X, BG] classify principal G-bundles, with characteristic classes
in H∗(BG) as computable invariants. Commutative Frobenius algebras classify two-dimensional
functorial field theories. For gauge theories with fermions, anomaly cancellation is a complete
cohomological obstruction: the theory is consistent exactly where the Dirac determinant line bundle is
trivializable and the local BRST class in H1,n(s | d) vanishes. Outside these topological and algebraic
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domains, the classification of four-dimensional continuum field theories lacks a non-perturbative
construction, the gauge connection moduli spaces are unclassified, and the mass spectrum is open.

The two incomplete places are the extended topological field theory classification and four-
dimensional constructive quantum field theory. The first is claimed on the strength of a proof sketch
and registered as such. The second is a claims register: one existence result announced with its
artifacts withheld, one mass gap open, one journal-published unverified construction, one withdrawn
preprint, regime-restricted lattice theorems, and one outline. The ladder keeps them apart, and the
classification program does not import any of them as a dependency.

The structural lesson is the one the series draws from Darboux as well. Classification content
is exactly where the invariant is finite or parameterized, which for gauge structures means the
topological and the algebraic layers. The analytic layer, where a metric, a renormalization group,
and a continuum limit are in play, is where classification is claimed or open. A complete classification
of mathematical representations of gauge theories would therefore proceed from the proved islands
outward, and the boundary of the proved region is now recorded precisely.

Two outcomes of the continuing program are both acceptable results. One is a classification of
a restricted class: flat connections on a fixed bundle, self-dual connections in a fixed topological
class, or the sectors of nets satisfying a fixed axiom list. The other is an impossibility theorem
showing that a natural classification objective cannot be met without additional restrictions. The
obstruction results already in evidence, from the anomaly classes to the global-form distinctions to
the extra data in braided sector categories, are of the second kind and are theorems rather than
caveats.

The volume closes where the classification is sharp. Gauge algebras, matter representations,
bundles, anomaly-free configurations, and two-dimensional topological theories are classified by
explicit invariants under stated equivalences. The extended topological classification is claimed and
registered as claimed. Four-dimensional existence is claimed with its artifacts withheld and the
mass gap is open. The claim ladder keeps those rows apart, and the classification program carries
the proved rows forward without waiting on the others.
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