30 Oct 2026

[ math-ph]

GrokRxiv:2026.10.structural-synthesis

Structural Synthesis

Synthesis of The Classification of Mathematical Representations of Physical Systems

Matthew Long
The YonedaAI Collaboration, YonedaAI Research Collective
Chicago, Illinois, USA
mlong@yonedalabs.ai
https://yonedalabs.ai

October 2026

Abstract

This paper states the structural picture formed by the twelve parts of the Classification of
Mathematical Representations of Physical Systems, a program asking whether mathematical
representations of physical systems admit a structural classification analogous to the Classification
of Finite Simple Groups. One ontology of forty-two definitions, one dependency graph, and one
equivalence discipline run through the series. Three kinds of result organize its classification
content. Complete invariants appear wherever the invariant is finite or explicitly parameterized:
dimension vectors for finite-dimensional C*-algebras, Dynkin and Satake diagrams for semisimple
Lie theory, classifying spaces for principal bundles, and the Murray-von Neumann and Connes
data for amenable factors. Reconstruction theorems recover objects from probes under hypotheses
that cannot be dropped. Seven obstruction theorems bound the scope of any classification,
from uncountably many type II; factors to algorithmic unrecognizability in dimension four.
Every equivalence in the series declares the structure it preserves, and equivalences that forget
the symmetric layer fail in a proved counterexample. The structural classification conjecture
is stated as the program’s theorem target with its five proof obligations. The cross-volume
consistency report records that the twelve parts share definitions, dependency discipline, and
claim vocabulary without conflict.

1 Introduction

The Classification of Mathematical Representations of Physical Systems asks whether the mathe-
matical structures that represent physical systems admit a structural classification analogous to
the Classification of Finite Simple Groups. The twelve parts of the series answer in pieces. This
paper states the structural picture those pieces form: one ontology, one dependency discipline, one
equivalence requirement, and one register of obstruction theorems, carried across classical mechanics,
quantum theory, gauge fields, spacetime, and gravity.

The target of the program is the identity

Physadm = <%a>€7

in which every admissible physical system is generated from a collection of fundamental structural
families under admissible constructions. The identity is the program’s theorem target and is stated
in full in Conjecture 3.1. The results around it are of three kinds: classification theorems that supply
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complete invariants in restricted sectors, reconstruction theorems that recover objects from probes,
and obstruction theorems that mark where no classification of the stated generality can exist.

Complete invariants appear exactly where the invariant is finite or explicitly parameterized.
Dimension vectors classify finite-dimensional C*-algebras [1], Dynkin and Satake diagrams classify
complex and real semisimple Lie algebras [2], classifying spaces classify principal bundles [3, 4], and
the Murray-von Neumann and Connes data classify amenable factors [5, 6]. Outside those regimes
the series records either a parameterized family of answers or an obstruction theorem.

Reconstruction is better developed than classification. Gelfand and Neumark [7], Gelfand duality
[8], Stone duality [9], Doplicher and Roberts [10, 11], and Deligne [12] each recover an object from a
category of probes, and each does so under hypotheses that cannot be dropped. The symmetric
tensor structure, the growth condition, and the commutativity assumption are load-bearing in their
respective statements.

Nonclassifiability is a theorem. The construction of uncountably many type II; factors [13], the
undecidability results for finitely presented groups [14], the wildness theorems of representation
theory [15, 16, 17], and the algorithmic unrecognizability of certain four-manifolds [18] each prove
that no classification of the stated kind exists in the stated generality. These results are first-class
content of the series. They mark the scope of the classification program rather than its failure.

2 The shared framework

Every part of the series works in one definitional substrate. The substrate is a category of
representations of physical systems, a discipline of morphisms, a physical equivalence, a collection of
structural families, and an invariant record. The definitions are stated once in the foundational
part and reused across the series; later parts extend the list only by appending new identifiers. The
identifiers and their roles appear in table 1.

2.1 Objects and components

Definition 2.1 (Representation of a physical system). A representation of a physical system is a
tuple
P = (Xa O,D,S,C),

carrying a state space or geometric structure, an observable algebra or collection, dynamical laws,
symmetry and constraint data, and composition and interaction rules.

The five components of Definition 2.1 record coordinate data whose concrete realization varies
across physical regimes. State spaces instantiate as symplectic manifolds [19, 20], Hilbert spaces [1],
probability spaces, smooth manifolds [21, 22], and lattice configurations; observable layers instantiate
as function algebras, C*-algebras [1], von Neumann algebras [23], and sheaf-theoretic observable
atlases. The components need not be independent. The composition component C determines the
decomposition theory of the representation, because it defines irreducibility as the absence of a
nontrivial factorization under the specified composition operation.

Objects assemble into a category Phys whose morphisms are admissible relationships between
representations. The full subcategory of admissible objects is Phys, 4,,, defined in Definition 2.3.
Theorems stated over the admissible subcategory are stated relative to the conditions of that
definition.



2.2 Morphism kinds

Five kinds of relationship appear across the series, and they are not all arrows of one 1-category.
Coarse-graining forgets microscopic detail while preserving macroscopic observables. Exact equiva-
lence is invertible and represents identity of content up to the chosen relation. Embedding realizes a
system as a subsystem, a subtheory, or a sub-structure. These three are arrows in the strict reading
of Phys. Duality exchanges structure between differently presented theories and is a functor between
category presentations, generally invertible only after passage to an opposite or dual category.
Limiting procedures arise from limits and colimits: thermodynamic limits, infinite-volume limits,
semiclassical limits, and continuum limits. These last two are universal constructions rather than
arrows between two objects.

The series therefore specifies morphism class by class. Each kind carries a preservation law,
the explicit conditions it must satisfy together with the rule under which two such morphisms
compose, and a part states which morphism classes are in force whenever it uses the category. The
strict reading of Phys takes coarse-grainings, embeddings, and exact equivalences as its arrows;
dualities are realized as functors between category presentations and limiting procedures as universal
constructions in €. That strict reading is the one in which the central conjecture is stated, and
whether a single category carries all five kinds at once, or whether several related categories or a
higher structure are required, is a research question of the program.

Continuum limits are the load-bearing instance. Lattice theorems in restricted regimes [24, 25, 26]
do not by themselves close the continuum limit, and the series keeps the two apart.

2.3 Equivalence

Physical equivalence is a chosen relation on objects; the classification problem is the problem of
classifying admissible representations up to that relation. Mathematical equivalence, isomorphism of
the five-component tuples in the ambient category of each component, is strictly finer in general. Two
mathematical descriptions may be physically equivalent without being mathematically isomorphic.
The series binds every Yoneda-based argument to one constraint, quoted from the founding
document: “Yoneda does not, by itself, establish physical equivalence, empirical adequacy, or a
classification theorem.” The Yoneda embedding sends an object to its functor of relationships,

P +—— Homppys(—, P),

and is faithful as mathematics. The physical interpretation of the resulting categorical structure is
established separately.

A second constraint governs every equivalence used to identify systems. Any such equivalence
must state which layer of structure it preserves. Equivalences that forget the monoidal or symmetric
layer are provably insufficient: non-isomorphic finite groups carry equivalent representation categories
as plain tensor categories [27]. A classification that discards the symmetric structure is therefore false.
This requirement is the discipline the series applies to every equivalence, duality, and identification
it records.

2.4 Families and invariants

The series organizes mathematical structures into ten candidate families, each a full subcategory
singled out by its underlying structure. Symplectic and Poisson structures represent classical
mechanics. Hilbert spaces and operator algebras represent quantum mechanics. Smooth manifolds
and geometric structures represent relativity. Principal bundles and connections represent gauge



Table 1: The shared ontology of the series, grouped by role. Identifiers are the stable definition
numbers of the foundational part and are reused unchanged by every later part.

Identifiers Content Role in the series

DEF-001 to The category Phys and the five components of  Definitional root. No part

DEF-007 an object bypasses these definitions.

DEF-008 to Five morphism kinds and the preservation law Fixes which relationships count

DEF-014 as arrows and how they compose.

DEF-015 to Physical equivalence, mathematical equivalence, Governs every identification the

DEF-018 the Yoneda qualification, and the preserved-layer series makes.

requirement

DEF-019 and Admissible physical systems and the conditions  Domain of the central conjecture.

DEF-020 that define them Theorems over this domain are
stated relative to these
conditions.

DEF-021 to Irreducibles, decompositions, admissible Supplies the generation operation

DEF-024 constructions, and closure of the central identity.

DEF-025 to The ten structural families Candidate generating collection

DEF-035 for the central identity.

DEF-036 to Invariant records, classifying invariants, and the Carries the data by which objects

DEF-038 Yoneda embedding are recognized.

DEF-039 to The classification problem, the generation States the problem the series

DEF-042 statement, the conjectural identity, and the attacks and the architecture that

three-layer architecture separates mathematics from

realization and observation.

theories. Probability and measure-theoretic structures represent statistical physics. Topological and
higher-categorical structures represent topological field theories. Dynamical systems and operator
semigroups represent dissipative and open systems. Tensor categories and compositional structures
represent quantum information. Discrete combinatorial structures represent lattice and network
models. Derived and homotopical structures represent higher gauge and derived field theories. The
families are candidates for the generating collection of the central identity, and the identity asserts
that they suffice.
For a theory T the series records an invariant tuple

I(T) = (Sr, 07, Dr,Gr, R1)

describing states, observables, dynamics, symmetries, and representations. A classifying invariant is
one whose value determines the object up to the chosen equivalence. The series uses the following: a
Dynkin or Satake diagram [2], a dominant integral weight [28], a dimension vector [1], a Murray-von
Neumann type with Connes invariants [5, 6], a homotopy class of maps to a classifying space [3, 4], a
fully dualizable object [29, 30], a holonomy group [22], a causal class [21], a set of entropy inequalities
[31], and a Fisher metric up to constant [32].

The five components supply the bridge between the families. A cotangent bundle, a finite-
dimensional operator algebra, and a principal bundle are instances of one tuple shape: each has
a state space, an observable layer, a dynamics, a symmetry group, and a composition rule, and
the invariant record Z(7T') reads the same five slots in every case. The families differ in what fills
the slots rather than in the slots themselves, and that common shape is what makes a cross-family
classification problem well posed at all.



2.5 Admissibility and constructions

Definitions 2.2 and 2.3 fix the domain and the generating operations of the structural classification
conjecture. The admissible subcategory restricts the classification scope to mutually compatible
components, and the construction set defines the inductive closure.

Definition 2.2 (Admissible constructions). The set € of admissible constructions consists of the
tensor product, the direct sum, extension in the group, algebra, and field-theoretic senses, limits
and colimits including the thermodynamic, infinite-volume, semiclassical, and continuum limits, and
factorization of a representation into factors. These are operations on objects of Phys: each takes
one or more systems and builds a new system, so each is a functor or a universal construction on
the category rather than a component of any single system.

Definition 2.3 (Admissibility). An object P = (X,0,D,S,(C) is admissible when the five com-
ponents are mutually consistent. Explicitly: the domain of D is the state space X and its flow
preserves the observable algebra O; the action of S on X preserves D; and the internal composition
rule C is closed under composition of its own morphisms. The component C is internal to a single
system and records how that system composes with others; the construction set € of Definition 2.2
is external and builds new systems from old ones. The admissible objects form the full subcategory

Phys, 4., which is closed under every construction of €.

These two definitions fix the domain and the generating operation of the central conjecture. A
part that uses Phys, 4, works relative to the conditions of Definition 2.3, and a part that decomposes
a system uses the operations of Definition 2.2.

3 The structural classification conjecture

Conjecture 3.1 (Structural classification of admissible physical systems). There exists a collection of
fundamental structural families § = {Fq }aca such that

Physadm = <Sa>€v

the right side denoting closure of the families under the admissible constructions of Definition 2.2.

The closure (§)¢ is the smallest full subcategory of Phys that contains every §, and is closed
under the constructions of Definition 2.2. Its objects are exactly those obtained from the families by
a finite iteration of those constructions, and no object outside that inductive closure is included.
The conjecture is stated for the strict reading of Phys described in section 2.2, whose arrows are
coarse-grainings, embeddings, and exact equivalences. In that reading ~ denotes an equivalence of
categories in the symmetric monoidal structure given by the tensor product construction, so the
equivalence preserves the composition data of C.

The conjecture is the organizing statement of the series and enters every part as a declared
hypothesis or as an object of study. It carries five proof obligations, each a theorem target.

Completeness requires that every admissible physical system is represented in the closure
(§)e. Soundness requires that every generated structure satisfies the admissibility conditions of
Definition 2.3. Equivalence requires that different representations of the same physical system are
identified correctly, which is where the preserved-layer requirement [27] constrains the choice of
~. Structural characterization requires that the fundamental families have precise mathematical
definitions; the ten candidate families of table 1 are named, and the admissibility conditions of
Definition 2.3 select among them. Decomposition requires that systems in the targeted classes can



be constructed from the fundamental families by the operations of Definition 2.2; restricted forms
of this obligation are established for finite-dimensional C*-algebras [1], amenable factors [5, 6], and
superselection categories [10, 11].

Delivering the five obligations would complete the mathematical classification layer of the
architecture. It would leave physical realization and empirical selection as separate problems.

4 Composition of the twelve parts

The parts compose hierarchically. Each takes the registered definitions and the registered results of
the parts before it and adds a structural layer. Table 2 states the contribution of each part and the
dependency discipline that governs it.

Table 2: The twelve parts of the series, the structural contribution
of each, and the hard prohibition that bounds its inputs.

Part Subject Structural contribution Hard prohibition on
inputs
I Foundations The category Phys, the morphism Any theorem of the
kinds, the equivalence discipline, series and any claim
admissibility, irreducibility, and the that a universal
central conjecture classification exists
1I Structural families The invariant discipline and the ten A global periodic table
family records of all physical
structures and any
completeness claim for
the families
111 Irreducibility and Existence and scope of decomposition, Unique decomposition
decomposition normal forms, admissible of interacting systems
constructions and classification of
general factors
v Yoneda classification Relational characterization, supermap Any conclusion of
representability, and the limits of classification, physical
probe-based identification equivalence, or
empirical adequacy
derived from Yoneda
alone
A% Classical systems Local symplectic classification, An equivalence
Poisson splitting, global symplectic between classical and
invariants, and classical information quantum families via
geometry deformation
quantization
VI Quantum systems Dimension-vector classification, the The Elliott program,
amenable factor list, channels and the fusion-category
dilations, superselection categories structure conjecture,
and classification of
non-amenable factors
VII Gauge structures and Lie theory of gauge groups, bundles, = Four-dimensional

quantum field theory

characteristic classes, anomalies as
obstructions, and superselection

existence as proved,
the mass gap, and any
conflation of the two




Table 2: The twelve parts of the series (continued).

Part Subject Structural contribution Hard prohibition on
inputs
VIII Spacetime Holonomy, the causal ladder, Holographic entropy
geometrization, the entropy cone, and relations outside their
reconstruction from probes proved range and
tensor-network models
as evidence for duality
X Gravity and information Monotone metrics, information Uniqueness of the
geometry geometry as invariant data, and the quantum monotone
proposed gravity-information metric and continuum
correspondence convergence of nerve
constructions
X Observational equivalence Equivalence notions, preserved layers, Tensor equivalence
observation functors, and without symmetric
distinguishability structure as a criterion
of physical equivalence
XI Completeness and The obstruction register, the regime  The central conjecture
obstructions taxonomy, and nonclassification as established and any
results uniform procedure in
wild or undecidable
sectors
XII Principia Physica The three-layer assembly of Physical validation of

mathematical classification, physical
realization, and empirical selection

the architecture and
collapse of the three
layers

4.1 The dependency graph

The series organizes as a directed acyclic graph rooted at the foundational ontology of Part I and
terminating at the assembly sink of Part XII, drawn in fig. 1. Every part has a directed path to
Part XII, which takes registered inputs from all eleven earlier parts. No part bypasses the primitive
ontology of Part I, and no part may cite a later one. A part may cite earlier parts for definitions
and for registered results only, and no part may introduce an unproved result as a lemma.

4.2 Registered dependency records

Each permitted use of a registered result as an input to another part is recorded with its condition.
A use is direct when the supplying result is a completed theorem in the literature, and a use is as
hypothesis when the supplying statement is a conjecture, an open problem, or a conditional record.
The series registers eight such uses, and each carries a constraint on how the supplying result may
be used. Table 3 states the eight and their constraints.

The series prohibits unproved statements from serving as proved dependencies. Unproved results
enter the dependency structure exclusively as registered conjectures, as explicit hypotheses of
conditional records, or as objects of study in Part XI.



Figure 1: The permitted dependency edges among the twelve parts. Part I is the definitional root,
Part XII is the assembly sink and takes registered inputs from all eleven earlier parts, and every
edge carries the registered hypotheses of table 3.

5 Classification regimes

The classification content of the series sorts by the kind of data that classifies. The regimes below are
the ones the twelve parts jointly establish, and they are the ones the periodic table of mathematical
physics records.

5.1 Complete invariants

A sector carries a complete classification when a theorem classifies its objects up to the chosen
equivalence and the classifying invariant is finite or explicitly parameterized. The objects classified
in each entry of table 4 are the objects named in the sector column, and the scope column states
the equivalence relation in force.

Table 4: Sectors carrying a complete classification. Each entry
names the classifying invariant and the scope in which the classifi-
cation statement holds.

Sector Classifying invariant Scope of the classification
Finite simple groups [33, 34] Order, character table, Schur Up to isomorphism, as families
multiplier, and outer automorphism together with the sporadic
group groups. A uniform
parameterization is not known.
Complex semisimple Lie Dynkin diagram Up to isomorphism. Real
algebras [2] simple algebras are classified by

Satake diagrams, and a real

semisimple algebra is a direct

sum of simple ideals.
Irreducible representations of Dominant integral weight Finite-dimensional irreducibles
semisimple Lie algebras [28] up to isomorphism.




Table 4: Sectors carrying a complete classification (continued).

Sector

Classifying invariant

Scope of the classification

Symplectic manifolds, locally
[19]

Poisson manifolds, locally [20]
Finite-dimensional C'*-algebras
[1]

Amenable factors [5, 6]
Principal G-bundles [3, 4]
Superselection sectors

[10, 35, 11]

Symmetric tensor categories of

subexponential growth [12]

Connected Lorentzian
holonomy groups [22]

Causality conditions [21]

Closed three-manifolds [36, 37]
Monotone metrics, classical [32]

Holographic entropy relations,
five regions and fewer [31, 38]

Dimension 2n, and no invariant
beyond dimension

Weinstein splitting and
symplectic-leaf foliation

Dimension vector

Murray-von Neumann type and
Connes invariants

Homotopy class of maps to BG,
with characteristic classes
Compact supergroup, unique up to

isomorphism
Supergroup representation category

Holonomy group

Position on the causal ladder

Thurston geometry type
Fisher metric up to constant

Extreme rays of the entropy cone

Local germs up to
symplectomorphism. Darboux
normal form removes every
local invariant beyond
dimension, so all further
classification content is global.
Local models near a point of
rank 2k, with global leaf
structure.

Unital finite-dimensional
complex algebras up to
*-isomorphism.

Types 1., I, 11, T, and IIT,
up to isomorphism.

Bundles over a base space up to
isomorphism.

Sectors meeting the
Doplicher-Roberts criteria.
Characteristic-zero categories
under the stated growth
hypothesis.

Connected holonomy groups of
irreducible and indecomposable
Lorentzian structures in
signature (1,n — 1), with
realizing metrics constructed. A
local and algebraic classification
rather than a classification of
Lorentzian manifolds up to
isometry.

The causality conditions
themselves, up to the
implication order of the ladder.
The rung is a property of a
spacetime and does not classify
metrics up to isometry.

Up to homeomorphism, as
exactly eight model geometries.
Metrics monotone under
stochastic maps.

Two, three, and four regions
from subadditivity and
monogamy of mutual
information, and five regions
from a complete graph
construction.

Classification theorems and parameterization schemes are different achievements across the
surveyed sectors. The finite simple groups admit an exhaustive classification without a uniform



Table 3: The registered dependency records of the series. Each row states a permitted use of a
registered result and the constraint that use carries.

Supplying Consuming parts Condition Rule enforced

result

Finite- III, VI Direct Decomposition by dimension
dimensional vector is the first concrete
C*-algebra theorem model of the series.
decomposition

]

Darboux A% Direct Symplectic classification content
normal form is global and topological rather
and Weinstein than local.

splitting

[19, 20]

Doplicher- VI, VII Direct, under the stated  The symmetric structure,
Roberts and hypotheses conjugates, and End(1) = C are
Deligne declared with the use.

[10, 12, 11]

The structural XTI, XII As hypothesis only The conjecture enters as a
classification declared hypothesis and never as
conjecture a lemma.

The four- VII As an open problem Existence and mass gap are never
dimensional conflated.

mass gap

The McDuff VI, XI Direct No global factor classification may
obstruction enter any part as a dependency.
13)

The v, X Direct Every equivalence record must
isocategorical declare the structure it preserves.
counterexam-

ple [27]

Chentsov and IX, X Direct Quantum monotone metrics are
Petz-Sudar parametric, and uniqueness may
[32] not be extended by dependency.

parameterization, so practical identification runs through companion data of the ATLAS kind
[34]. Classification invariants can also be purely global: Darboux normal form removes every local
symplectic invariant beyond dimension [19], which forces symplectic classification into the global
topological regime, the opposite of the Riemannian situation where curvature supplies rich local
data.

5.2 Parameterized and normal-form results

Some sectors admit a parameterized answer rather than a finite list. Monotone metrics on quantum
state spaces are classified by operator monotone functions through the Morozova-Chentsov construc-
tion [32]: the answer is a family indexed by a function, and no member of the family is distinguished
among all monotone metrics. Every fusion category is the representation category of a weak Hopf
algebra [39], and the additional structure that supplies canonical traces is the subject of a conjecture
of Etingof, Nikshych, and Ostrik [40]. Every finite-dimensional algebra over an algebraically closed
field is derived-tame or derived-wild [15], a dichotomy that sorts the field without classifying either

10



side.

Other sectors carry a normal form rather than an isomorphism classification. Completely positive
maps are classified up to minimal Stinespring dilation, unique up to unitary [41], and the Choi-Kraus
form is a normal form whose Kraus rank is an invariant of the form [42]. The series treats this data
as a normal form and not as an isomorphism classification of channels.

5.3 The regime taxonomy

Part XI sorts the surveyed domains by the kind of achievement each represents, and the sort is
stable across the twelve parts: a domain keeps its regime when a different part studies it. Seven
regimes cover the surveyed domains.

Complete finite invariant. A theorem classifies the objects up to the chosen equivalence and
the classifying invariant takes finitely many values or is a finite combinatorial datum. The
Killing-Cartan classification and the dimension-vector classification live here.

Complete parameterized invariant. A theorem classifies the objects and the invariant ranges
over an explicitly described family. The Petz-Sudar classification of monotone metrics lives
here.

Normal form. A canonical form exists with a stated uniqueness, and the form is not an isomorphism
classification of the objects. Stinespring dilation and the Choi-Kraus form live here.

Obstruction classification. A theorem classifies the obstruction to a property rather than the
objects. Anomaly classes live here.

Open regime. Partial or parametric results exist and no completeness statement is available.
Fusion categories and the Elliott program live here.

Claimed regime. A result has been announced and its supporting artifacts are not publicly
checkable. The four-dimensional existence announcement lives here.

Impossibility regime. A theorem forbids classification of the stated kind. The McDuff obstruction,
wildness, and four-manifold unrecognizability live here.

The taxonomy records boundaries as well as contents. Tame and wild separates the algorithmically
tractable domains from the intractable ones [43], and dimension three separates from dimension
four by the presence of a finite geometry table on one side and unrecognizable manifolds on the
other [18, 36]. Those two boundaries are the ones the regime sort reproduces most sharply.

5.4 The periodic table

The chart that assembles these regimes is the periodic table of mathematical physics, and table 5
states its six regions. A periodic table must mark where no table exists, so the sixth region is as
much content as the first.

The existence of a finite list of exceptional objects in the finite-simple-group template does not
transfer to physical theories in general, and the second region records the exceptions the mathematics
actually supplies rather than a list the program expects to close. Reading the six regions together
gives the summary of the series in one chart: families with invariants, exceptions the invariants must
catch, recoveries from probes, identifications with declared scope, open problems, and proved limits.
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Table 5: The periodic table of mathematical physics in six regions. Each region names the content
it charts and the mathematical status of that content.

Region

Content

Status of the content

Families and
invariants

Exceptional
structures

Reconstruction
relationships

Equivalences and
dualities

Open classification
problems

Obstructions

The ten structural families with their defining
invariants and the regime each occupies

The sporadic simple groups [33, 34], the
exceptional Lie algebras and their real forms
[2], the amenable type III; and III; factors [6],
the eight Thurston geometries [36], the
isocategorical group pairs [27]
Gelfand-Neumark, Gelfand and Stone duality,
Doplicher-Roberts, Deligne, Stinespring, the
classifying-space construction

[7, 8,9, 10, 12, 41, 3, 4]

The identifications the series records, each
with the structure it preserves

Fusion categories [40], the Elliott program
[23], the holographic entropy cone from six
regions [31], the four-dimensional mass gap
[46]

Adyan-Rabin [14], McDuft [13], wildness

Invariants are finite or
parameterized where
classification is complete

Each is proved to exist and to be
exhaustive in its own domain

Each holds under the hypotheses
stated in table 6

The preserved layer is named in
every entry, and the
isocategorical counterexample
[27] records what follows from
not naming it

Partial and parametric results are
on record and no completeness
statement is available

Each is a theorem forbidding a

[15, 16, 17], tame and wild [43], countable classification of the stated kind
invariants [53], dimension four [18],

Etingof-Gelaki [27]

5.5 Sectors outside a finite list

Three sectors sit outside any finite classification in their stated generality. General type II; and
type III factors carry coarse Connes-spectrum strata and vary in their fundamental groups [23].
Extended topological quantum field theories are classified by fully dualizable objects [29], in a 2009
statement whose proof is an informal sketch [30], so the exact range of completed cases is a research
question. The four-dimensional Yang-Mills existence problem is the subject of an announced result
whose manuscript and formalization are withheld [44, 45], and the mass gap is a separate open
problem [46]. The series records the existence claim and the mass gap separately and never merges
them.

6 Equivalence and preserved structure

Every equivalence in the series names the structure it preserves, and the reason is a theorem rather
than a preference.

6.1 The preserved-layer requirement

Two finite groups that are not isomorphic can carry equivalent representation categories as plain
tensor categories [27]. The equivalence is monoidal and does not respect the commutativity constraint,

12



so the symmetric braiding is the layer it fails to preserve. Any criterion of identification that discards
the monoidal or symmetric layer therefore identifies distinct groups. The series adopts the resulting
requirement: an equivalence used to identify systems must state which layer of structure it preserves,
and an equivalence that forgets the symmetric layer is rejected as a criterion.

The requirement is constructive as well as negative. The Doplicher-Roberts equivalence takes
a symmetric tensor x-category with conjugates, direct sums, subobjects, and End(1) = C to the
finite-dimensional unitary representations of a compact supergroup, unique up to isomorphism
[10, 11]. Deligne’s theorem takes a characteristic-zero symmetric tensor category of subexponential
growth to a supergroup representation category [12]. Both statements preserve the symmetric
structure and both state their hypotheses in full. Miiger’s Galois theory for braided tensor categories
recovers fixed-point data together with additional information that the braided structure alone does
not supply [47].

6.2 Duality and the recovered data

Duality exchanges structure between differently presented theories, and each duality in the series
states what the exchange recovers. Gelfand duality sends a commutative C*-algebra to a compact
Hausdorff space [8]. Stone duality sends a Boolean algebra to a zero-dimensional compact spectrum
[9]. The classifying-space construction sends a principal G-bundle to a homotopy class of maps to
BG, with characteristic classes as pullbacks of universal classes [3, 4]. The Yoneda embedding sends
an object to its functor of relationships and is faithful as mathematics; the constraint that it does
not by itself establish physical equivalence, empirical adequacy, or a classification theorem governs
every use of it in the series.

A duality is not automatically a physical equivalence. The series keeps the two apart: an
identification of representations is a mathematical statement, and an identification of physical content
requires its own definition and justification. The proposed gravity-information correspondence is a
case in point. Ryu-Takayanagi relations are verified exactly in anti-de Sitter space in three dimensions
with a two-dimensional conformal field theory dual [48], entanglement-wedge reconstruction holds as
a physical dictionary result under the semiclassical AdS/CFT assumptions [49], and tensor-network
models are toys rather than evidence for the duality itself [50]. The series states each of these at
the strength the source supports.

6.3 Observation and distinguishability

Observation functors formalize what an empirical procedure can separate. Applied to a pair of
systems they induce an equivalence relation: systems are observationally equivalent relative to the
procedure when no observation in its range separates them. The induced relation is coarse when
the functor forgets detail and fine when it resolves it, and it behaves well under composition of
procedures.

The metric content of distinguishability diverges between the classical and quantum cases. On
a classical probability simplex the Fisher information metric is the unique Riemannian metric
monotone under stochastic transitions up to a positive constant [32]. On quantum state spaces the
monotone metrics form a family parameterized by operator monotone functions, and no member of
that family is distinguished [32]. The series treats the classical uniqueness as the anchor and the
quantum parameterization as the reality, and it does not extend uniqueness across the gap between
them.

Mathematical isomorphism and observational indistinguishability are different relations. A
mathematical classification would not by itself select a theory empirically, and several mathematically
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distinct theories produce identical predictions in an experimentally accessible regime. The three-layer
architecture of the assembly keeps mathematical classification, physical realization, and empirical
selection as separate maps, and no part of the series collapses them.

7 Reconstruction from probes

Reconstruction theorems recover an object from a category of probes. They are the pattern the
series finds better developed than classification, and each carries hypotheses that cannot be dropped.
The theorems on record and their hypotheses appear in table 6.

Reconstruction theorems fail when the probe category loses the hypotheses that carry the
determination. The Doplicher-Roberts recovery of a compact supergroup collapses without the
symmetric braiding, as non-isomorphic groups with equivalent plain tensor categories show [27].
Deligne’s classification fails without the subexponential growth condition on categorical dimensions
[12]. Gelfand duality ceases to recover a topological spectrum once commutativity is dropped [8].
Each hypothesis is therefore a boundary of the theorem rather than a technical convenience.

Whether the 2024 to 2026 supermap-representability line [51, 52] unifies with the Gelfand, Stone,
and Naimark pattern into a single relational principle is a research question. The series records the
proved representability results at their stated strength and leaves the unification open.

8 Obstruction theorems

Obstruction theorems prove that no classification of a stated kind can exist in a stated generality.
They are content of the series, and they are what a periodic table must mark in the places where no
table exists. The register appears in table 7.

8.1 Dimension three and dimension four

The clearest scope contrast in the series is dimensional. Closed three-manifolds decompose into
exactly eight Thurston geometries [36, 37], a finite table with a complete decomposition theorem
behind it. In dimension four the model geometries are countably infinite in one family [36], only
restricted classes decompose, and homeomorphism of a specific four-manifold is algorithmically
unrecognizable [18]. Finite classification tables exist in tame regimes and stop at the dimension
where unrecognizability begins. The series states the contrast as a scope boundary and builds its
regime taxonomy around it.

8.2 Scope effects

Each obstruction removes a possibility rather than adding a difficulty. The McDuff construction
[13] leaves the amenable classification intact and closes the non-amenable case. The isocategorical
construction [27] leaves the symmetric theory intact and closes the plain tensor case. The Adyan-
Rabin results [14] close uniform recognition while leaving individual presentations decidable. The
wildness theorems [15, 16, 17] close finite-variety parameterization while leaving the tame side open
to classification. Reading the register this way is what allows a classification program to state
restricted-class theorems with explicit scope instead of promising a single global table.
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9 Worked examples

Three systems trace the shared framework end to end. Each is an object of the category, each
carries an invariant record, and each sits in a regime of the taxonomy.

9.1 A finite-dimensional quantum system

Take a finite-dimensional quantum system whose observable algebra is a unital finite-dimensional
complex C*-algebra. The five components of the representation are immediate: the state space is
the set of density operators on the underlying Hilbert space, the observable layer is the algebra A,
the dynamics is a one-parameter group of *-automorphisms, the symmetry data is the group of
automorphisms that preserve the dynamics, and the composition rule is the minimal tensor product
of algebras.

The algebra decomposes as
k

A= P My, (C),
i=1
and the multiset of matrix sizes is the dimension vector. Two such algebras are *-isomorphic exactly
when their dimension vectors agree [1]. The dimension vector is therefore a classifying invariant of
regime one, and it is finite data. Irreducibility is relative to the composition rule: the simple blocks
M,,,(C) are the irreducible objects under direct sum, and the decomposition into blocks is unique
up to order.

Morphisms between such systems are x-homomorphisms, and the equivalence that identifies
representations is *-isomorphism, which preserves the full algebra structure. Channels between
systems are completely positive maps; Stinespring dilation classifies them up to minimal dilation
and unitary freedom [41], and the Kraus rank is an invariant of the normal form [42]. The example
therefore exercises the invariant discipline, the decomposition discipline, and the normal-form regime
at once.

9.2 A classical mechanical system

Take a cotangent bundle T*(@Q) with its canonical symplectic form. The state space is the symplectic
manifold, the observable layer is the algebra of smooth functions with the Poisson bracket, the
dynamics is a Hamiltonian vector field, the symmetry data is the group of canonical transformations
preserving the Hamiltonian, and the composition rule is the product of symplectic manifolds.

Darboux normal form shows that all symplectic manifolds of the same dimension are locally
symplectomorphic [19]. Local classification content on the symplectic side is therefore empty, and
every invariant is global: the topology of the symplectic form, the Chern classes of the prequantum
data, and the coadjoint orbits in the dual of a Lie algebra [20]. The example shows why the local
and global regimes must be separated in the taxonomy. A Poisson manifold splits near a point of
rank 2k as a symplectic factor times a transverse Poisson factor [20], which is the local model the
classification uses.

For a statistical mechanical system the state space is a probability simplex and the invariant
data is the Fisher metric, unique up to constant among metrics monotone under stochastic maps
[32]. The classical uniqueness is the anchor for the observational layer, and the quantum analogue
is parameterized rather than unique.
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9.3 A gauge theory

Take a principal G-bundle P over a base space X with a connection. The state space is the space
of connections modulo gauge, the observable layer is the algebra of gauge-invariant functions, the
dynamics is the Yang-Mills or Chern-Simons flow, the symmetry data is the gauge group, and the
composition rule is the fiber product of bundles.

Isomorphism classes of principal G-bundles over X are homotopy classes of maps from X to the
classifying space BG [3, 4], and the characteristic classes are pullbacks of universal classes in the
cohomology of BG. The classification is therefore complete and homotopy-theoretic. Anomalies
are classified as obstruction classes in the Chevalley-Eilenberg cohomology of the gauge algebra
[54]: quantization exists exactly when the relevant classes vanish. Superselection sectors of the
associated quantum field theory form a symmetric tensor *-category, and the Doplicher-Roberts
theorem recovers the compact gauge group from that category under its stated hypotheses [10, 11].

The example is the one place in the series where the classification layer, the obstruction layer,
and the reconstruction layer all appear in a single system. It also shows the load-bearing character
of the preserved-layer requirement: the recovery of the gauge group uses the symmetric structure of
the sector category, and discarding that structure admits the isocategorical counterexamples [27].

10 Emergent structure

The twelve parts jointly establish several findings that no single part establishes alone. They are
the emergent content of the composition.

A scope law holds across the aggregate. Complete invariants concentrate where the invariant is
finite or explicitly parameterized, and beyond that boundary the series records either a parameterized
family or an obstruction theorem. The law is visible only in the aggregate: individual parts classify
their own sectors, and the obstruction register appears as a separate part, while the correspondence
between the two is a property of the whole.

An asymmetry separates reconstruction from classification. Reconstruction theorems recur
across the series, each recovering an object from probes, and each under hypotheses that cannot
be dropped. Complete classifications recur much less often and never outside finite or parametric
regimes. The asymmetry is a structural feature of the subject matter rather than an artifact of the
survey: the probe categories that reconstruction uses are richer invariants than the finite data that
classification needs.

A preserved-layer law governs the equivalence content. Every equivalence, duality, and identifica-
tion the series records either states the structure it preserves or records the failure that follows from
not stating it. The negative theorem of Etingof and Gelaki [27] is the reason, and the discipline is
uniform across all twelve parts.

A layer separation holds in the architecture. Mathematical classification, physical realization, and
empirical selection are three maps with different domains and codomains. A complete mathematical
classification would leave realization and selection unconstrained, because the latter two apply maps
that classification does not compute. The separation is stated in the foundational part, instantiated
in the observational-equivalence part, and preserved in the assembly part.

These findings fix the scope of any answer to the program’s question. Structural classification of
physical systems is realizable as restricted-class classification theorems stated with their invariants
and explicit scope, bounded by obstruction theorems that mark where no table exists. Complete
classifications succeed where the classifying data reduce to finite invariants or tame parameterizations.
Algorithmic undecidability in four-manifold topology and wild representation type rule out a single
global table.
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10.1 Contrasts the series maintains

Several pairs of results pull against each other, and the series keeps each pair apart rather than
resolving it prematurely.

Classification and reconstruction are different achievements. Classification is sharp where the
invariant is finite or parametric, and reconstruction routinely recovers an object from probes
[7, 8,9, 10, 12]. The parts that study the two do not merge them.

Local and global classification content differ by subject. Darboux normal form empties the local
symplectic invariant theory [19], and Riemannian curvature supplies rich local data. Symplectic
classification is therefore global, and the series states the difference as a property of the subject.

Classical uniqueness and quantum parameterization do not match. The Fisher metric is unique
up to constant in the classical case [32], and the quantum monotone metrics form a family indexed
by operator monotone functions. No part of the series extends the classical uniqueness across that
gap.

Relational determination and physical equivalence do not coincide. The Yoneda embedding
determines an object by its relationships, and the qualification attached to every use of it records that
physical equivalence, empirical adequacy, and classification do not follow from that determination
alone.

Announcement and evidence are different things. The constructive quantum field theory frontier
carries several announced results [44, 45], and the series records each at the strength of its publicly
checkable evidence, keeping existence and the mass gap separate [46].

Mathematical consistency and empirical selection are different layers. A consistency proof settles
the first and leaves the second open, because the empirical layer applies an observation map that
mathematical classification does not compute.

11 Cross-volume consistency

The twelve parts maintain uniform definition identifiers, respect the directed dependency discipline,
and enforce the preserved-layer constraint throughout. Eight consistency checks hold across the
corpus, seven without qualification and one after a scope correction.

Ontology identity. The forty-two definition identifiers are used with one meaning across all twelve
parts, and later parts extend the list only by appending new identifiers.

Definitional root. Every part works in the ontology of Part I, and no part redefines an object
that Part I owns.

Dependency discipline. Every cross-part use of a registered result is a permitted edge of fig. 1,
and unproven statements enter only as declared hypotheses or as objects of study.

Yoneda qualification. The constraint on Yoneda-based arguments appears in the same wording
in every part that uses Yoneda methods.

Preserved-layer requirement. Every equivalence and duality recorded across the series names
the structure it preserves or records the failure of recovery.

Notation. The five-component tuple, the invariant record, and the closure notation are used in
one form throughout.

Existence and mass gap. The announced four-dimensional existence result and the mass gap
problem are recorded as separate items in every part that mentions them.
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Entropy cone range. The holographic entropy cone is completely characterized for five boundary
regions and fewer [31, 38|, and the open range begins at six regions. This entry is the correction.

Four of these findings are load-bearing for the series as a whole. The definitional root is what
makes the twelve parts one program rather than twelve adjacent papers: a definition introduced
in Part I has one meaning everywhere. The dependency discipline is what makes the composition
honest: a part that needs an unproven statement declares it as a hypothesis instead of using it as a
lemma. The preserved-layer requirement is what makes the equivalence content of the series correct
rather than merely plausible: the counterexample of Etingof and Gelaki [27] rules out the weaker
discipline by theorem. The separation of existence from mass gap is what keeps the constructive
quantum field theory material accurate [46, 44, 45].

The corrected entry concerns the holographic entropy cone. The cone for five boundary regions
is completely characterized: the cone defined by all proven inequalities admits graph models for
every extreme ray orbit, which settles the existence of further five-party inequalities in the negative
[38]. The statement that the cone is open from five regions onward has been replaced by the correct
range, which begins at six regions [31], and the periodic table of table 5 records the corrected range.

12 Conclusion

The structural picture of the series is a classification program with a stated scope. One ontology of
forty-two definitions organizes the objects, morphisms, equivalences, families, and invariants. One
dependency graph composes the twelve parts. One equivalence requirement forces every identification
to name the structure it preserves. Around the central conjecture, the mathematical content sorts
into regimes with complete invariants, regimes with parameterized or normal-form answers, and
regimes where obstruction theorems prove that no classification of the stated kind exists.

The regime structure is the durable finding. Complete invariants appear where the invariant is
finite or explicitly parameterized. Reconstruction from probes is better developed than classification
and carries hypotheses that cannot be dropped. Obstruction theorems mark a sharp scope boundary:
dimension three admits a finite table of geometries and dimension four contains unrecognizable
manifolds, the amenable factors are classified and the general type II; factors are not, the symmetric
tensor categories of subexponential growth are classified and the plain tensor categories do not
determine their groups.

The central conjecture states the program’s theorem target and carries the five obligations that
would discharge it. Restricted forms of the decomposition obligation are established in the sectors
where complete invariants exist. The remaining obligations are the research program.
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Table 6: Reconstruction theorems on record. Each row names the object recovered, the probe data

it is recovered from, and the hypotheses the statement requires.

Theorem

Recovers

From and under which hypotheses

Gelfand-Neumark [7]

Gelfand duality [8]
Stone duality [9]

Doplicher-Roberts [10, 11]

Deligne [12]

Stinespring [41]

Classifying-space construction
3, 4]

Supermap representability

51, 52]

Entanglement-wedge
reconstruction [49]

A concrete representation in B(H)

A compact Hausdorfl space

A zero-dimensional compact
spectrum

A compact supergroup, unique up
to isomorphism

A supergroup representation
category

A minimal dilation, unique up to
unitary

A principal G-bundle

A concrete representation of
categorical supermaps

Bulk operators inside the
entanglement wedge

An abstract C*-algebra, as a
closed *-subalgebra of B(H). A
representation theorem; the
classification statement it yields is
the Gelfand duality of the
commutative case.

A commutative C*-algebra. The
commutative side only.

A Boolean algebra. The Boolean
side only.

A symmetric tensor x-category
with conjugates, direct sums,
subobjects, End(1) = C, and a
symmetric braiding whose square
is the identity on each object.

A characteristic-zero symmetric
tensor category of subexponential
growth.

A completely positive map. A
normal form, and not an
isomorphism classification of
channels.

A homotopy class of maps to BG.
Homotopy-classified, with
characteristic classes as pullbacks.
A theory with suitable
channel-state duality. Unification
with the Gelfand and Stone
pattern is a research question.

A physical dictionary
reconstruction under the
semiclassical AdS/CFT
assumptions, stated as a
quantum-information theorem with
its hypotheses. Not an axiomatic
reconstruction in the sense of the
preceding rows.
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Table 7: The obstruction register of the series. Each theorem is a proved statement about the limits

of classification in its regime.

Theorem

Statement

Consequence for classification

McDuff [13]

Etingof-Gelaki [27]

Adyan-Rabin [14]

Wildness [15, 16, 17]

Tame and wild tractability
[43]

Countable invariants [53]

Dimension four [18]

Uncountably many non-isomorphic
separable type II; factors exist
Non-isomorphic finite groups carry
equivalent plain tensor
representation categories

Every Markov property of finitely
presentable groups is algorithmically
undecidable, including finiteness and
simplicity

Wild representation categories admit
no finite-dimensional-variety
parameterization, and wildness is
preserved under degeneration
Group isomorphism is
polynomial-time for tame extensions,
and the required bounds fail in the
wild case

Von Neumann algebra isomorphism
admits no classification by countable
invariants

Deciding whether an arbitrary
triangulated four-manifold is
homeomorphic to the connected sum
#9(S% x S?) is algorithmically
undecidable

No total classification of factors
outside the amenable case.
Equivalence notions that discard
the monoidal or symmetric layer
do not determine the group.

No uniform recognition procedure
for group-flavored sectors.

No finite-variety parameterization
of wild representation categories.

Tame and wild separates
algorithmically tractable from
intractable regimes.

No classification of von Neumann
algebras by a countable list of
invariants.

No effective classification of
four-manifolds in general. The
construction is in the lineage of
Markov’s unrecognizable
four-manifolds and improves the
previous bound #i5.
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